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2 vladimir drinfeld, shlomo gelaki, dmitri nikshych, and victor ostrik 

1. Introduction 

This work is the first one in a series of articles on the structure of braided fusion 
categories. It is concerned with the foundations of the theory. In the future articles 
we are going to study certain classes of braided fusion categories (e.g., nilpotent and 
group-theoretical ones) and the structure of the core of any braided fusion category. 

1.1. Terminology and notation. In this paper we work over an algebraically 
closed field k of characteristic 0. A k-linear category is an additive category in 
which each Horn group is equipped with a structure of vector space over k so that 
the composition of morphisms is fc-linear. A tensor category (or monoidal k-linear 
category ) is a fc-linear category C with a structure of monoidal category such that 
the bifunctor (X) ; C x C — > C is bilinear on morphisms. 

By a fusion category we mean a fc-linear semisimple rigid tensor category C with 
finitely many isomorphism classes of simple objects, finite-dimensional spaces of 
morphisms, and such that the unit object 1 of C is simple. We refer the reader to 
[ENOj for a general theory of fusion categories. A fusion category is braided if it is 
equipped with a natural isomorphism cx,y '■ XiS)Y ~ YiS)X satisfying the hexagon 
axioms, see [JSl IBK) . 

The simplest example of a fusion category is a pointed category, i.e., such that all 
its simple objects are invertible. A pointed fusion category is equivalent to Vec^, 
i.e., the category of finite-dimensional G-graded vector spaces with the associativity 
constraint given by some cocycle w € Z^{G, k^) (here G is a finite group). 

1.2. Braided versus pre-modular. In the literature most of the results on braided 
fusion categories are formulated under the assumption that the braided category is 
pre-modular, i.e., equipped with a spherical structure (see ^2.4.3p . Moreover, many 
results are formulated for modular categories, i.e., pre-modular categories satisfy- 
ing a non-degeneracy condition. However, the spherical structure is irrelevant for 
the questions considered in this work and for many other purposes. So we found it 
necessary to formulate and prove the generalizations of some known results with- 
out assuming the existence of a spherical structure (although it seems to exist in 
all known examples of fusion categories). We also tried to avoid non-degeneracy 
assumptions whenever possible. 

1.3. The core of a braided fusion category. This is the main new notion of 
this work. Before discussing it in more details in tjl.3.2[ let us explain informally 
why we think it is important. 

1.3.1. Informal discussion. The problem of classifying all braided fusion categories 
is probably unreasonable because it contains the subproblem of classifying all finite 
groups. So given a braided fusion category C it is natural to try to separate the 
"part" of C that "comes from finite groups" from the remaining "part" , Ci . The 
notion of core allows to give a precise definition of Ci. Namely, Ci is the adjoint 
category of the core of C (the definition of adjoint category is given in It 
turns out that if the global dimension (or the Frobenius-Perron dimension) of Ci 
is odd then Ci is a tensor product of braided fusion categories which are simple 
(i.e., not pointed, not symmetric, and without nontrivial fusion subcategories). We 
hope that a similar (but more complicated) statement can be proved without the 
oddness assumption. 
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1.3.2. Definition and main results. Let £ = Rep(G) C C be a maximal Tamiakian 
subcategory of a braided fusion category C. The core of C corresponding to £ is the 
braided fusion category 

(1) Gores (C) ■.= £'^£Vec 

obtained by the de-equivariantization of the centraUzer of £, see Definition 15.81 
This is parallel to the notion of the core of a pre-metric Lie coalgebra, see Princi- 
ple [13^111) and ! j5.1l The above category Core£(C) carries an action of G by braided 
autoequivalences. Let Fg denote the image of G in the group of isomorphism classes 
of braided autoequivalences of Core£(C). 

In Theorem 15.91 we show that the equivalence class of the pair {Core£{C), Fg) 
does not depend on the choice of £, i.e., is an invariant of C. We hope that this new 
invariant will be useful in the study of braided fusion categories. In a joint work 
|EN04j with P. Etingof we will explain how to reconstruct a braided fusion category 
from its core and some finite group data. An example of such reconstruction is 
provided in Theorem 14 . 641 which says that non-degenerate braided fusion categories 
with trivial core are precisely the centers of pointed categories. 

We also show that the core is weakly anisotropic, i.e., has no non-trivial Tan- 
nakian subcategories stable under all braided autoequivalences. To demonstrate 
that the class of weakly anisotropic braided fusion categories is reasonable, we for- 
mulate Theorems 15 . 241 and 15.331 which will be proved in a subsequent article. The- 
orem 15.331 describes the structure of a weakly anisotropic braided fusion category 
C satisfying a certain condition, which holds automatically if the Probenius-Perron 
dimension of C is odd. 

1.4. Some other results. 

1.4.1. Characterization of the centers of pointed categories. A fusion subcategory 
£ of a braided fusion category C is said to be Lagrangian if C is Tannakian and 
coincides with its centralizer. 

In Theorem 14.641 we prove that a non-degenerate braided fusion category T) is 
equivalent to the center of a pointed fusion category if and only if it contains a La- 
grangian subcategory. More precisely, we show that there is an equivalence between 
the groupoid of Lagrangian subcategories of V and the groupoid of "realizations" 
of T) as the center of a pointed fusion category, see Theorem l4.66l This agrees with 
the heuristic Principles 11.51 

1.4.2. Invariance of the central charge of a pre-modular category. Theorem 16.161 
relates the Gauss sum of a pre-modular category C with that of the fiber cate- 
gory £' Mg Vec corresponding to a Tannakian subcategory £ C C. We prove in 
CoroUarv 16 . 181 that the central charges of C and £' Klg Vec coincide. 

1.5. The classical-quantum analogy. In this subsection (which can be skipped 
by the skeptical reader) we formulate some heuristic principles. 

1.5.1. Casimir Lie algebras and pre-metric Lie coalgebras. Fix a ground field K 
(which has nothing to do with k). We do not assume that char K = (e.g., K can 
be finite), but for safety assume that char K > 2. All vector spaces and algebras 
will be over K. 
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Definition 1.1. A Casimir Lie algebra is a pair (g, t), where g is a finite-dimensional 
Lie algebra and t € g $5 is symmetric and g-invariant. A pre-metric Lie coalgehra 
is a finite-dimensional Lie coalgebra C equipped with a quadratic form q : C ^ K 
invariant with respect to the coadjoint action of the Lie algebra C* . 

If (g, t) is a Casimir Lie algebra then t can be viewed as an invariant quadratic 
form on the dual vector space g*, so (g*,i) is a pre-metric Lie coalgebra. Thus 
the notions of Casimir Lie algebra and pre-metric Lie coalgebra are essentially 
equivalent. 

A subspace C g* is a Lie subcoalgebra if V* is a quotient algebra of g. This 
happens if and only if V is stable under the coadjoint action of g. Therefore if 
y C g* is a subcoalgebra so is V-^ c g*. 

Definition 1.2. A metric Lie coalgebra is a pre-metric Lie coalgebra {C,q) such 
that the quadratic form q is non-degenerate. A metric Lie algebra is a Casimir Lie 
algebra (g,i) such that the tensor t is non-degenerate. 

If (g, t) is a metric Lie algebra then t gives rise to an invariant non-degenerate 
quadratic form on g (a "metric"). Clearly the notions of metric Lie algebra and 
metric Lie coalgebra are essentially equivalent. 

Definition 1.3. A subalgebra o of a metric Lie algebra g is said to be Lagrangian 
if it is isotropic and dim a — ^ dimg. A Manin pair is a pair consisting of a metric 
Lie algebra g and a Lagrangian subalgebra a C g. A Manin pair is said to be pointed 
if a is an ideal. 

Remarks 1.4. (i) If a Lagrangian subalgebra o C g is an ideal then o is 
abelian because [a, o] is orthogonal to every element of g. 
(ii) It is easy to show that for any finite-dimensional Lie algebra c, pointed 
Manin pairs (g, a) with a fixed isomorphism g/a c are classified by 
H^{c,K). On the other hand, pointed fusion categories (see i jl.ip are clas- 
sified by pairs {G,uj), where G is a finite group and oj £ H^{G, k^). 

1.5.2. Heuristic principles. 

Principles 1.5. (i) Braided fusion categories are "quantum" analogs of Casimir 
Lie algebras (and, by duality, of pre-metric Lie coalgebras). Pointed braided 
fusion categories are analogs of abelian Casimir Lie algebras. Non-degenerate 
braided fusion categories are analogs of metric Lie algebras. Symmetric fu- 
sion categories are analogs of Casimir Lie algebras with t — 0. 

(ii) Fusion subcategories of braided fusion categories are analogs of Lie subcoal- 
gebras in pre-metric Lie coalgebras. The centralizer of a fusion subcategory 
(see ^J3]) is an analog of the orthogonal complement of a Lie subcoalgebra 
(here "complement" means "complement in the Lie coalgebra"). 

(iii) The de-equivariantization procedure (see §4]) is analogous to taking the 
quotient of a pre-metric Lie coalgebra by a subcoalgebra contained in the 
kernel of the quadratic form. Passing from a braided fusion category C 
to its core (see t jl.3.21 and Sj5]) is analogous to passing from a pre-metric 
Lie coalgebra C to the pre-metric Lie coalgebra a-*- /a, where a C C is a 
maximal isotropic subcoalgebra. 

(iv) Fusion categories (resp. pointed fusion categories) are "quantum" analogs 
of Manin pairs (resp. pointed Manin pairs). Passing from a fusion category 
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to its center is a "quantum" analog of passing from a Manin pair (g, a) to 
the metric Lie algebra g. 

These principles go back to the article [Drj , in which Manin pairs (which are more 
or less the same as Lie quasi-bialgebras) appear as classical limits of quasi-Hopf 
algebras and pre-metric Lie algebras appear as classical limits of quasitriangular 
quasi-Hopf algebras. 

In this article Manin pairs are used only to explain why the characterization of 
the centers of pointed categories given in Theorems 14 .64114.661 is natural from the 
point of view of the classical-quantum analogy. In fact, there is a useful notion of 
quantum Manin pair [DMNOj . This is a pair (C,A), where C is a non-degenerate 
braided fusion category and ^ is a commutative algebra in C satisfying certain 
conditions (namely, A is connected, etale, and FPdim(74)^ = FPdim(C)). It is 
proved in |DMNO| that for fixed C, the groupoid formed by such algebras A is 
canonically equivalent to the groupoid of realizations of C as a center of a fusion 
category. This justifies the name "quantum Manin pair" . 

Remark 1.6. To get a closer analogy with braided fusion categories, instead of 
pre-metric Lie algebras one can consider Casimir Lie rings. By this we mean a 
finite Lie ring g (for safety, of odd order) whose Pontryagin dual g* := IIom(g, k^) 
is equipped with a g-invariant symmetric bi-additive pairing g* x g* — > fc^. 

1.6. Organization. In ^we review the background material from the theory of 
fusion categories. For a braided fusion category C without a fixed spherical structure 
the notion of S'-matrix is not defined. Instead, we introduce a similar notion of S- 
matrix. We define C to be non-degenerate if its S'-matrix is. In Proposition 13.71 
we formulate two other conditions equivalent to the non-degeneracy of C. One of 
them (the triviality of Miiger's center C) is well known in the case of pre-modular 
categories (see [Br]). 

Miiger's notion of centralizer plays a central role in this work (this is natural 
in view of Principle II. Sr ii)). In fj3]we extend Miiger's results on centralizers from 
[Mu2\ IMu5| to braided fusion categories which are not necessarily non-degenerate 
or pre-modular. We also introduce and study the notion of projective centralizer. 

SjH deals with two mutually inverse constructions: equivariantization and de- 
equivariantization. We follow the ideas of Bruguieres |Br| and Miiger [Mulj who 
showed that a datum of a fusion category with an action of a finite group G is equiva- 
lent to a datum of a fusion category C over the Tannakian category Rep(G) such that 
the composition Rep(G) — ^ Z{C) — ^ C is fully faithful. The passage from an action 
of G to a category over Rep(G) is by taking the category of G-equivariant objects; 
the passage in the opposite direction (i.e., the de-equivariantization) consists of tak- 
ing the fiber category, see ij4.1.10l for an explanation of our terminology. This corre- 
spondence also specializes to group actions on braided and pre-modular categories, 
see Theorem 14.181 In the case of pre-modular categories the de-equivariantization 
procedure coincides with the modularization introduced in [Br[ IMul] . The above 
correspondence also allows to study the structure of braided fusion categories from 
two complementary points of view: one based on analysis of Tannakian subcate- 
gories and another based on group actions on braided fusion categories, see i )4.2l 
In §4.41 we present a description (due to Kirillov. Jr. |Ki) and Miiger jMu3| ) of the 
structure of braided fusion categories containing a subcategory Rep(G) as equiv- 
ariantizations of braided G-crossed categories. The latter notion was introduced by 
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Turaev [Tl| . At the end of 21 establish the characterization of the centers of 
pointed fusion categories explained in i il.4.11 above. 

fJS]is the main new contribution of this article. Here we define the notion of the 
core of a braided fusion category C (see i jl.3.2l above) and study its properties. We 
also introduce the class of weakly anisotropic braided fusion categories (i.e., those 
without non-trivial Tannakian subcategories stable under all braided autoequiva- 
lences) and explain why it is reasonable to study the structure of such categories, 
see Theorems 15.241 and and 15.331 

In fjniwe discuss the Gauss sums of pre-modular categories, which are general- 
izations of the classical Gauss sums of pre-metric groups. We prove the invariance 
property of the central charge of a pre-modular category (see ^ 31.4.21 above). If a 
braided fusion category C is not equipped with a spherical structure the notion of 
Gauss sum is not defined; however, if C is non-degenerate and its Frobenius-Perron 
dimension is integral we introduce in H6.4I a modification of this notion, which we 
call Gauss-Frohenius-Perron sum. 

Appendix El contains basic results on quadratic forms on finite abelian groups 
(most of them are well-known) . Appendix |B] is a summary of known facts about 
Ising categories (i.e., non-pointed fusion categories of Frobenius-Perron dimension 
4) and braided structures on them. 

In Appendix [Cl we recall a characterization of centralizers in braided fusion cat- 
egories due to Altschiiler and Bruguieres [ABI . This is a key technical result used 
in our proofs in f|3l 

In Appendix [d1 we give an alternative proof of the theorem due to Joyal and 
Street [ JSj , which says that every pre-metric group comes from a pointed braided 
fusion category. 

In Appendix |E] we introduce the notion of extension of a group by a gr-category 
(a.k.a. categorical group). We show that in the case of pointed categories equipped 
with a faithful grading Turaev's notion of braided G-crossed category amounts to 
the notion of a central extension of a group by a braided gr-category, which was 
introduced in CC]. 

In Appendix |F] we prove that a full subcategory of a fusion category which is 
closed under tensor product is automatically rigid. 
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DMS-0401164 and DMS-0701106. The research of D. Nikshych was supported by 
the NSA grant H98230-07-1-0081 and the NSF grants DMS-0200202 and DMS- 
0800545. The research of V. Ostrik was supported by NSF grant DMS-0602263. 
He is also grateful to the Institute for Advanced Study where part of his work 
was done. S. Gelaki is grateful to the departments of mathematics at the Univer- 
sity of New Hampshire and MIT for their warm hospitality during his Sabbatical. 
The authors thank Alexander Beilinson, Pavel Etingof, Alexander Kirillov, Jr., and 
Michael Miiger for useful discussions and advice. 

2. Preliminaries 

In this section we recall some definitions and results on fusion categories and 
braided fusion categories following mainly |BK| IDe| lENOj IGN| [JSl . Throughout 
the paper we work over an algebraically closed field k of characteristic 0. 
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2.1. Generalities on fusion categories. The definitions effusion category and 
pointed fusion category were given in the introduction. 

By a fusion subcategory of a fusion category C we understand a full tensor sub- 
category C d C such that if X e C is isomorphic to a direct summand of an object 
of C then X E C . As an additive category, such C is generated by some of the 
simple objects of C. It is known (see Corollary IF. 71 in Appendix IF|) that a fusion 
subcategory of a fusion category is rigid; therefore it is itself a fusion category. 

Given a fusion category C and a collection of objects 5 in C, there is a smallest 
fusion subcategory containing S. It is called the fusion subcategory generated by 
S. 

Definition 2.1. Let C and V be fusion categories and F : C V a tensor functor. 
Its image F{C) is defined to be the fusion subcategory of V generated by F{X), 
X eC. The functor F is called surjective if F{C) = V. 

Note that as an additive category, F{C) is generated by those simple objects Y 
in T) which are contained in F{X) for some simple X in C. 

For a fusion category C let 0{C) denote the set of isomorphism classes of simple 
objects. C is said to be trivial if 0{C) has only one element (the class of the 
unit object); in this case C is equivalent to Vec, i.e., the fusion category of finite 
dimensional vector spaces over k. 

2.2. The adjoint category of a fusion category C. By definition, this is the 
fusion subcategory Cad C C generated by X ® X* , X e 0{C). 

Example 2.2. Let G be a finite group and let C — Rep(G') be the category of 
finite-dimensional representations of G. Then Cad = R-ep(G/Z(G)), where Z[G) is 
the center of G. 

2.3. The universal grading. A grading of a fusion category C by a group G 
is a map deg : 0{C) — >■ G with the following property: for any simple objects 
X, Y, Z € C such that X ®Y contains Z one has deg Z — deg X ■ degY . The name 
"grading" is also used for the corresponding decomposition C — QgecCg, where 
Cg C C is the full additive subcategory generated by simple objects of degree g € G. 
The subcategory Ci corresponding to g = 1 is a fusion subcategory; it is called the 
trivial component of the grading. A grading is said to be trivial if Ci = C. It is 
said to be faithful if the map deg : 0{C) — ;> G is surjective. The set of all gradings 
of C by G depends functorially on G, so there is a notion of universal grading. As 
explained in §3.2 of |GNj . a universal grading exists. The corresponding group G 
will be denoted by Uc- The following statements are also proved in §3.2 of |GN| 
(see [GNl Lemma 3.4, Theorem 3.5, and Proposition 3.9]). 

Proposition 2.3. (i) The universal grading deg : 0{C) — > Uc is faithful. 

(ii) The trivial component of the universal grading equals Cad- Every fusion 

subcategory T> d C containing Cad has the form T> = ^ Cg for some 

geG 

subgroup G <Z Uc. 

(iii) The group of tensor automorphisms of the identity functor idc is canoni- 
cally isomorphic to Hom(Uc, )■ The homomorphism f^ G Hom{Uc, k^) 
corresponding to ^ € Aut(g,{idc) is defined as follows: assigning to a simple 
X £ C the element ipx G Aut{X) = k^ one gets a grading of C by k^ , and 
fip '■ Uc ^ k^ corresponds to this grading by the universality ofUc. 
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Remark 2.4. The second part of (ii) means that if I? C C is a fusion subcategory 
containing Cad then for each g E Uc either V D Cg or V O Cg ~ 0. 

Gradings c?i : 0{C) Gi and d2 : 0{C) — > G2 are said to be equivalent if 
d2 = f o di for some isomorphism / : Gi — > G2. 

Corollary 2.5. There is a one-to-one correspondence between fusion subcategories 
V d C containing Cad o,nd subgroups G C Uq, namely 

V^Gv:^{geUc\VnCg^O}, G^Va-.^^Cg. 

geG 

Proof. Use Proposition I2.3f i-ii') . □ 

Let I? C C be a fusion subcategory. Among all gradings of C trivial on D there 
is a universal one, namely, the composition 0{C) Uc ^ Uc/G, where G C Uc is 
the normal subgroup generated by the image of Uv- 

Corollary 2.6. There is a one-to-one correspondence between equivalence classes 
of faithful gradings ofC and fusion subcategories T> C C containing Cad such that the 
subgroup G-u C Uq is normal. Namely, one associates to T> the universal grading 
of C trivial on T); one associates to a grading its trivial component. 

Proof. For every normal subgroup G C Uq the composition 0{C) Uc ^ Uq/G is 
a faithful grading. By the universality of the grading 0{C) — ^ Uc, one thus gets a 
one-to-one correspondence between normal subgroups of Uc and equivalence classes 
of faithful gradings of C. Now use Corollarv 12.51 □ 

Remark 2.7. If C is braided then Uc is abelian. So in this case the normality 
condition in Corollarv 12.61 holds automatically. 

2.4. Dimensions. Let C be a fusion category. The tensor product in C induces a 
ring structure on the Grothendieck ring Ko{C). 

There are two different but related notions of dimension in C. One of them takes 
values in R, the other one takes values in k. 

2.4.1. Frobenius- Perron dimension. This is a homomorphism FPdim : Kq{C) M 
such that FPdim(X) > for aU X € C. According to §8 of jENO) . there exists 
one and only one such homomorphism and in fact, FPdim(X) > 1 for all nonzero 
X € C. Moreover, the numbers FPdim(X), X € C, are algebraic integers in some 
cyclotomic field (see p?Q| Coroharies 8.53-8.54])). 

The Frobenius- Perron dimension of a fusion category C is defined by FPdim(C) := 
Sxec>(C) FPdim(X)^. This is a positive cyclotomic algebraic integer in R. More- 
over, according to |03) . the ideal in the ring of algebraic integers generated by 
FPdini(C) is stable under Ga/(Q/Q). 

Example 2.8. Let H he a finite dimensional semisimple Hopf algebra over k and 
C := Kcp{H), i.e., C is the category of finite dimensional representations of H. We 
have the usual dimension homomorphism dim^ : Kq{C) — ^ Z. Since dim^ X > 
for all nonzero X E C we see that FPdim(X) — dimfc(X) for all X G C. Therefore 
FPdim(Rep(iJ)) = dimk{H). 
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2.4.2. Traces, squared norms, and global dimension. Let C be a fusion category and 
let ip be any natural (not necessarily tensor) isomorphism between the identity and 
the functor of taking the second dual. Such an isomorphism exists in any fusion 
category. It is completely determined by a collection of isomorphisms ipx ■ X ^ 
X**, X e 0{C). For any object X of C let 

evjc : X* ® X ^ 1 and coevx : 1 ^ X ® X* 

denote the evaluation and coevaluation maps of X. For any morphism f : X ^ X 
we can define two traces, depending on 

(2) Tr+(/) : 1 X X* ^^^^^^^ X** (g> X* ^ 1, 

(3) Tr_(/) : 1 ^^'^ X* ® X** ^^^^^^^ X* ^ X ^ 1. 

Let us denote d+{X) = Tr+(idjf) and d-{X) = Tr_(idx). Note that d±{X) ^ 
for all simple X, see e.g., jENO) or jBK) . The dimensions d±{X) are of course 
non-canonical since they depend on the choice of ip. However, for any X E 0{C) 
we have a canonical quantity 

(4) \Xf ■.= d+{X)d-{X), 

known as Miiger's squared norm of X (the definition is due to M. Miiger |Mu4| . 
the name and notation were introduced in §2 of |ENO| ). The squared norm |Xp 
is independent of the choice of ip. 

Note that for any morphism f: X(E)Y^X^Ywe can define morphisms 

idx Tr+(/) : X X^Y^Y* X^Y**^Y*^ X, 

Tr_ ^ idy(/) : Y X* ®X**®Y (''^^-^^X^/'x^^'d.); x*®X®Y^Y 

Note that Tr+(Tr_ (g) idy)(/) = Tr^(idx Tr+)(/). We wiU denote the latter by 
Tr_®Tr+(/). 

Let kcyc C fc be the maximal cyclotomic extension of Q in fc, i.e., the subfield 
generated by all roots of unity. The automorphism of kcyc that takes each root of 
unity to its inverse is called complex conjugation and denoted by z i— z. Define 
kwcyc ■= {z S kcyc\z = z}; this is the maximal totally real subfield of kcyc- 

It follows from |ENO[ Remark 3.1] and [ENOi. CoroUary 8.53] that for every 
X e 0{C) its squared norm \X\^ is a totally positive algebraic integer in k^cyc- 
According to [03], if C is braided (but not in general) the ideal in the ring of 
algebraic integers generated by the squared norm of any simple object of X is 
stable under Gal{Q/Q). 

The categorical dimension (also known as global dimension) of a fusion category 
C is defined to be the sum of squared norms of its simple objects: 

(5) dim(C)= J2 d+iX)d^iX)^ 1^1'' 

xeO{c) xeo(c) 

where d± are the dimensions introduced above. The categorical dimension is a 
totally positive algebraic integer in fcRcyc which does not depend on a choice of "0- 
Moreover, according to j03j . the ideal in the ring of algebraic integers generated 
by dim(C) is stable under Gal{Q/Q). 
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2.4.3. Pivotal structures and categorical dimensions. By definition, a pivotal struc- 
ture on a fusion category C is a tensor isomorphism ip between the identity functor 
idc : C — >■ C to the tensor functor X i— X** , X G C. If pivotal structures on C 
exist (conjecturally, this is always the case) then the set of all such structures is a 
torsor over the group of tensor automorphisms of idc, which equals Honi(?7c,fc^) 
by Proposition I2.3f iii) . 

Let us fix a pivotal structure ijj on C and let d± denote the dimensions defined 
using t/j as in i j2.4.2l above. It was explained in |EN01 §2] that 

d+{X*) = d+{X) = d^{X) for any object X in C 

and that d+ defines a ring homomorphism d+ : Kq{C) kcyc- When no confusion is 
possible we write d instead of d+. The element d{X) e kcyc is called the categorical 
(or quantum) dimension oi X G Kq{C). 

The above homomorphism d : Kq{C) — )■ kcyc depends on the pivotal structure 
as follows: if the pivotal structure is composed with the tensor automorphism 
of idc corresponding to / : Uc — > k^ then d{X) is multiplied by f{AegX) for 
every X G C(C). Here deg : 0{C) Uc is the universal grading. In particular, 
a pivotal structure is uniquely determined by the corresponding homomorphism 
d : Ko{C) kcyc- 

A pivotal structure is said to be spherical if d+{X) ~ d^{X) for all X, or, 
equivalently, if the corresponding homomorphism d : Ko{C) — )■ kcyc satisfies the 
relation d{X*) = d{X). This is equivalent to the condition 

(6) d+iX)ekt,cyc foraUX. 

If spherical structures on C exist then they form a torsor over }loni{Uc, where 
/X2 := {1, —1} C k^ . Note that in the case of a spherical structure equality (jH) can 
be rewritten as 

(7) d+{xr = \x\\ 

A spherical fusion category is a fusion category with a spherical structure. 

Remark 2.9. If C is a pivotal category then for any X G C and / £ EndX one 
has the numbers Tr±(/) € k defined by formulas ([2])- ([3]). If C is spherical then 
Tr_|_(/) = Tr_(/) (if X is simple and / — idx this is clear from the equlaity 
Tr±(/) = d±{X), and the general case follows). So if C is spherical one writes 
Tr(/) instead of Tr±(/). 

2.4.4. Spherical extension of a fusion category. According to |EN01lEN02) . in any 
fusion category C there is a canonical isomorphism g between the tensor functors 
idc and the fourth duality functor X x****, X e C. The spherical extension, 
or sphericalization of C (denoted by C^^^) is defined to be the fusion category 
whose objects are pairs (X, /x), where X £ 0{V) and fx '■ X ^ X** is an 
isomorphism such that fx fx — gx, and a morphism from {X, fx) to {X', fx') is 
a morphism h : X X' \n C such that fx'h = h** fx- Note that for any simple 
X there are exactly two choices of fx which differ one from another by a sign. 
The category C^^^ is a spherical fusion category; its spherical structure is given by 
fx : (XJx) ^ {X**,fx"). Note that dim(C^P'^) = 2dim(C). 

Remark 2.10. The spherical extension is a particular case of the equivariantization 
construction described in ^ 34.2.21 Namely, any fusion category C is equipped with 
a canonical action of Z/2Z such that the non-trivial element of Z/2Z takes each 
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X ^ C to X**. The fusion category C^^^ is nothing but the category of equivariant 
objects of C with respect to this action. 

2.5. Properties of tensor functors. 

Proposition 2.11. Let C, V he fusion categories and let F : V ^ C he a tensor 
functor. 

(i) F is fully faithful if and only if the map Homx>{X, 1) — >■ Homc{F{X), 1) 
is an isomorphism for all X € T) . 

(ii) // FPdim{C) = FPdim(T>) and F is fully faithful then F is an equivalence. 

(iii) // FPdim{C) = FPdim{'D) and F is surjective then F is an equivalence. 

Proof. To prove (i) observe that for all objects X,Y inV we have Honix) {X, Y) = 
RoraviX (g>Y*,l) and Homc(F(X), F(Y)) = llomciF{X (g) Y*), 1). 

Statements (ii) and (iii) are proved in jEOi Propositions 2.19, 2.20]. □ 

Lemma 2.12. Let C he a fusion category, I?i,2?2 d C be fusion suhcategories, 
and F : 2?2 C he a tensor functor whose restriction to Vi is the natural 

embedding Vi ^ C, i = 1, 2. Then F is fully faithful if and only if Di H 2?2 = Vec. 

Proof. Let Xi Kl X2 be a simple object of Vi K V2. Then Homc(-F(Xi M X2), 1) = 
Honic(Xi (g) X2, 1) = Homc(Xi, X*). This is zero for aU Xi Kl X2 7^ 1 Kl 1 if and 
only if the intersection of 2?i and 2?2 is trivial. Hence the statement follows from 
Proposition [CTT i). □ 

2.6. Pseudo-unitarity. Let C be a fusion category and ip : kg^cyc — >• M a field 
embedding. 

Definition 2.13. C is (p-pseudounitary if (^(dim(C)) = FPdini(C). 

Remark 2.14. According to Proposition 8.21 of |ENO) . for any field embedding 

f ■ kRcyc IR- one has 

(8) < FPdim(X)2 for all X G 0{C). 
Therefore (p(dim(C)) < FPdim(C), and (/3-pseudounitarity means that 

(9) v'dXp) = FPdim(X)2 for all X e ©(C). 

Definition 2.15. A spherical structure on C is ip-positive if the corresponding 
homomorphism d : Ko{C) — )■ k-Rcyc satisfies 

pidiX)) > for all X e 0{C). 

By ([7]), a (^-positive spherical structure is unique if it exists. 

Proposition 2.16. A ip-pseudounitary fusion category has a (unique) ip-positive 
spherical structure. 

This is |ENO| Proposition 8.23]. By ^ and dH), for the (^-positive spherical 
structure on a pseudounitary fusion category C one has 

(10) vidiX)) = FPdim(X). 
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2.7. Integral and weakly integral fusion categories. 

Definition 2.17. A fusion category C is weakly integral if FPdim(C) G Z. We say 
that C is integral if FPdiin(X) e Z for all X e C. 

For weakly integral fusion categories the notion of (^-pseudounitarity does not 
depend on ip : kg^cyc — ^ so we will write "pseudounitarity" instead of 'V- 
pseudounitarity" . Moreover, according to the next proposition, in this situation 
pseudounitarity is automatic. Set Q^q ^ N > 0}- 

Proposition 2.18. Let C be a weakly integral fusion category. Then 

(i) C is pseudounitary, i.e., dini(C) = FPdim{C); 

(ii) for every X G 0{C) one has \X\'^ = FPdim{Xf G Z; 

(iii) the map deg : 0{C) Q>o/(Q>o)^ ^^at takes X G 0{C) to the image of 
FPdim{Xf in Q>o/(Q>o)^ « grading. 

This is a combination of jENOI Propositions 8.24, 8.27] and (GNl Theorem 3.10]. 

Remarks 2.19. (a) The trivial component of the grading from Proposition 
12. 18( 111) is the maximal integral fusion subcategory of C. 

(b) By Proposition I2.18f i) , a weakly integral fusion category C has integral 
global dimension dim(C). The converse is false, see |ENOl Remark 8.26] 
for a counterexample. 

(c) Ising fusion categories (see Appendix [B|) are weakly integral but not inte- 
gral. 

Corollary 2.20. A fusion subcategory of a weakly integral fusion category is weakly 
integral. 

Proof. This is an immediate consequence of Definition 12.171 and Proposition 12.181 
(ii). □ 

Proposition 2.21. // a fusion category C is faithfully graded by a group G then 
FPdim{C) — \G\ ■ FPdim{Ci) , where Ci d C is the trivial component of the grading. 

This is [ENOl Theorem 8.20]. Later we will prove the analog of Proposition l2.21l 
for categorical dimensions (see Corollarv l4.28p . 

Combining Proposition 12.211 with Proposition I2.18f iii) and using the fact that 
any finite subgroup of Q>o/('Q^>o)^ ^ 2-group one gets the following statement 
from GN . 

Corollary 2.22. A weakly integral fusion category of odd Frobenius- Perron dimen- 
sion is integral. 

Proposition 2.23. The following properties of a fusion category C are equivalent: 

(i) C is integral; 

(ii) there exists a faithful k-linear functor F : C Vec such that F{X ® y) ~ 
F{X) F{Y) for all X,Y e C; 

(ill) C is equivalent to the fusion category of finite dimensional representations 
of a finite dimensional quasi-Hopf algebra H . 

If C satisfies (i)-(iii) then FPdim(X) — dunk F{X) for all X ^ C, and 
therefore FPdim{C) = dim_ff. 
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This is jENO| Theorem 8.33]. The main argument of the proof was explained in 
Example l2.8l above. Note that the algebra H from Proposition l2 . 231 is automatically 
semisimple because the category C is assumed to be semisimple. 

Combining Propositions 12.161 and 12.181 with formula (ITOl) we get the following 
statement. 

Corollary 2.24. A weakly integral fusion category has a unique ip-positive spherical 
structure for each field embedding ip : k^cyc K. For this structure one has 
d{X) = FPdim{X). 

Remark 2.25. For integral fusion categories the notion of (p-positivity does not 
depend on Lp, so one can write "positive" instead of (^-positive. The homomorphism 
d : Kq(C) — > Z corresponding to a positive spherical structure equals FPdim : 
Ko{C) Z. 

Example 2.26. Let C be a pointed category. Then FPdim(X) = 1 for any X E 
0{C), so C is integral. In this case it is very easy to describe the positive spherical 
structure from Remark l2.25l Namely, note that for an invertible object X the map 
coevx : 1 X (E) X* is an isomorphism, hence invertible. Now let 6x '■ X —i' X** 
be the composition 

X ^ X(g>X* (g) X** ~ > X**. 

Then it is easy to see that Sx^y — Sx ^Sy for X,Y E 0{C) and hence S (extended 
to C by linearity) is a pivotal structure on C It is easy to check that for this 
structure we have d{X) = 1 for X € ©(C), so this is the positive spherical structure 
from Corollary 12.241 and Remark 12.251 



2.8. Braided fusion categories and non-degeneracy. 

2.8.1. S-matrix of a braided fusion category. Recall that a braided tensov category 
C is a tensor category equipped with a natural isomorphism cx.y : X ®Y c:iY ® X 
satisfying the hexagon axioms, see |JS[ IBK) . 

Recall that in §2.4.21 given a natural isomorphism ^jjx '■ X — > X** on C we 
defined traces Tr± and dimensions d±{X), X E 0{C), which depend on ip. Namely, 
replacing -0 by V' o Q^j where a — {ax}xeo{c) is an automorphism of the identity 
functor of C, changes d±{X) to a'^^d±{X). 

The following definition was suggested to us by Pavel Etingof. 

Definition 2.27. Let C be a braided fusion category. Define a matrix S = 

{sxY}x,Yeo{C) by 

Tr_ (g) Tt+{cy,xcxx) 



(11) SxY 



d_ {X)d+{Y) 



Note that if one replaces hy ip o a as above then both the numerator and the 
denominator of (jlip are multiplied by a^^ay, so that sxy does not change. Thus, 
the matrix S is an invariant of a braided fusion category C and does not depend on 
the choice of ip. 

Definition 2.28. A braided fusion category C is said to be non-degenerate if the 
corresponding matrix S is non-degenerate. 
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Properties of a braided fusion category equivalent to its non-degeneracy are listed 
in Proposition 13 . 71 below. 

2.8.2. Pre-modular and modular categories. 

Definition 2.29. ( Br ) A pre-modular categoiy is a braided fusion category equipped 
with a spherical structure. 

Let us reformulate this definition in terms of twists. Recall that in any tensor 
category C the functor X i— >■ X** has a natural structure of tensor functor. A 
braided structure on C provides a natural morphism ux ■ X — >■ X** defined as the 
composition 

(12) X ''"^^°°""'> '"■"'^"'"") 

where evx : X* ^ X 1 and coevj^ : 1 AT (g) X* are the evaluation and 
coevaluation morphisms; moreover, it is known that ux is an isomorphism. In 
general, the isomorphism ux is not tensor; instead, it satisfies 

(13) ux'SjUY ^ Ux®YCy,XCx,Y, 

see e.g. |BK| Lemma 2.2.2]. Any isomorphism ipx ■ X ~ X** functorial in A e C 
can be written as 

(14) iljx=uxex, 61 eAut(idc). 

It follows from (|13p that "0 is a tensor isomorphism (i.e., a pivotal structure on C) 
if and only if 

(15) 0X(^Y = {dx «) Oy)cy^xcx,y- 

An automorphism 9 : idc — > idc satisfying (|15p is called a twist (or a balancing 
transformation). It is known (e.g., see |BK| 2.2.10, 2.3.15]) that a pivotal structure 
is spherical if an only if the corresponding twist 6 — ipu~^ has the property 

(16) e*x = ex' for all X eC. 

A twist 9 satisfying ()16p is called a ribbon structure. So a pre-modular category C 
is the same as a braided fusion category endowed with a ribbon structure (actually 
this is the original definition of pre-modular category from [Brj : our definition is 
taken from (Mu2l 2.1]). 

Convention. For X S 0{C) we will often abuse notation and consider 9x as an 
element of via the isomorphism IIom(A, A) ~ k. 

Let C be a pre-modular category with a spherical structure ip. Let Tr and d 
denote the trace and dimension corresponding to ip- 
The S-matrix S = {sxY}x,Yeo(c) of C is defined by 

(17) SxY = Tr(cy,xCx,F), 

see [Xl IBK[ IMu2j (we follow here the convention of |Mu2j which is different from 
that of [BK]). We have 

_ SXY 

~ d{X)d{Y) ' 

i.e., the S'-matrix can be thought of as a normalized S'-matrix. Note that S and S 
have the same rank. 
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Remark 2.30. Unlike the 5-matrix, the S'-matrix of C depends on the choice of 
isomorphism ip : X ^ X** (which is chosen to be a spherical structure in ([T7])). A 
canonical alternative to this is to use u from (IT^ instead of ?A in p7)) . This would 
result in replacing sxy by 0j}9y^sxy- 

Definition 2.31. ((Tj) A pre-modular category C is said to be modular if its S'- 
matrix is non-degenerate. 

Clearly, a pre-modular category is modular if and only if it is non-degenerate in 
the sense of Definition 12.281 

Recall that for a spherical fusion category C, its object F e C and / e EndF we 
defined its trace Tr(/) e fc, see Remark 12.91 In particular this applies in the case 
of a pre-modular category C, Y — X ® X for some X ^ C and / — c^-^. We will 
need the following well known fact. 

Proposition 2.32. Let X be a simple object of a pre-modular category andOx G 
the corresponding twist. Then 

(18) Ox^d{X) = Tr{c^]x). 

Remark 2.33. One also has 9xd{X) = Tr(cx,x)- This follows from formula 
applied to the tensor category C equipped with the braiding cx,y '■— (it is well 
known that the twist corresponding to this braiding equals 0^^). 

Proof. By definition, 

(19) 0~x^d(X) = Tr(^^iux), 

where 'i\)x '■ A" ^ A** is the spherical structure and ux ■ X A** is defined 
by (HD). Consider the following diagram, whose first row is identical to ([l3 



X ^ A (g) A* A** — ■ ^ A* A (g) A** ^ A* 



id. 



iclx* ®X0X* 



cvxi^idx* 



id> 



A A* (g) A** ® A ' — ^ A* (g A (g) A** A** 

The left square commutes by naturality of the braiding, the middle one commutes 
by the hexagon axiom, and the commutativity of the right square is obvious. Hence 
the diagram commutes. By definition, ux is the composition in the top row. It 
equals the composition in the bottom row, i.e., 

(20) Ux = (evx (g idx") (idx* «> c^^^^^" ) (coev^* (g idx). 
Using the naturality of the braiding and "tpx we obtain 

(21) i'x^ux = {evx «) idx) {ip'X «) c^^x) {coev>x «) idx)- 

Next, observe that for any morphism / : A — > A in a spherical fusion category its 
trace equals the composition 

(22) if2^*X(g>X^tji^x*(g>X^l. 

This follows by comparing with ([3]). 

Now using (IT9t . (l2Tt and (p2)) . we see that the l.h.s. of (flS)) equals the compo- 
sition 

1 *X *A ^ X A *A *A A A 1. 
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The r.h.s. of (fT8|) equals the same composition. To see this, apply formula (|22|) 
to X <^ X instead oi X. □ 

2.8.3. The Verlinde formula. Let C be a pre-modular category. Note that the S- 
matrix of C is symmetric and satisfies sx'Y" = sxy for all X,Y (z 0{C). Applying 
Tr to both sides of formula (fT5|) we obtain 

(23) sxY^e^'dy' N^Y^zdiZ), 

zeo(C) 

for aU X,Y,Z e 0{C), where N^y is the multiplicity oi Z in X (^Y. 

The elements of the ^-matrix also satisfy the following condition, see jBKl The- 
orem 3.1.12], pu2i Lemma 2.4 (iii)]: 

(24) SXYSXZ --d{X) ^Yzsxw, X,Y,ZeO{C). 

WGO{C) 

When S is invertible, equation ([M)) is equivalent to the Verlinde formula |BK[ 
Theorem 3.1.14]. 

2.9. Center of a fusion category. For any fusion category C its center Z{C) is 
defined as the category whose objects are pairs {X, C-^x), where X is an object of 
C and C-^x is a natural family of isomorphisms cv,x -V^^X^^X^^VjV&C, 
satisfying a certain compatibility condition, see |Kass[ Definition XIII.4.1]. The 
tensor category Z{C) is equipped with a braiding, see loc. cit. It is proved in 
[ENOl Theorem 2.15, Proposition 8.12] that Z{C) is a fusion category and 

(25) dim(Z(C)) = dim(C)2, FPdim(.2:(C)) = FPdim(C)2. 

There is an obvious forgetful tensor functor Z{C) C. The following fact was 
proved in jEOi Proposition 3.39(i)]. 

Proposition 2.34. The forgetful functor Z{C) ~¥ C is surjective. 

It is known that the center of a spherical fusion category C has an (obviously 
unique) spherical structure such that the forgetful functor Z{C) — > C commutes with 
spherical structures (see [Kassi [Mu5j ]). Thus Z{C) is a pre-modular category. In 
fact, Z{C) is modular (this is proved in loc. cit. under the assumption dim(C) ^ 0, 
which holds automatically by |EN01 Theorem 2.3]). 

Remarks 2.35. (i) If a fusion category C is </3-pseudounitary in the sense of 
Sl2?6] then so is Z{C) (this follows from (|25|) '). If a spherical structure on 
C is (/^-positive in the sense of i j2.6l then so is the corresponding spherical 
structure on Z{C) (to see this, note that since the forgetful functor F : 
Z{C) — > C commutes with spherical structures one has d{X) ~ d{F{X)) for 
ah X G Z{C)). 

(ii) If a fusion category C is integral in the sense of Definition 12.171 then so is 
Z{C). This is because the function FPdim : Kq{Z{C)) — R equals the com- 

position / : KoiZ{C)) Kq{C) ^ K (note that / is a homomorphism 
and f{X) > for all nonzero X e Z{C), i.e., / has the properties that 
uniquely characterize the homomorphism FPdim : Kq{Z{C)) — >■ M accord- 
ing to ! j2.4.1l) . The converse statement is also true: if Z{C) is integral then 
so is C This follows from |EN01 Corollary 8.36] and Proposition 12.341 



We will need the following result in %.4:\ 
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Proposition 2.36. Let C be a fusion category with Z{C) weakly integral. Then C 
is weakly integral. 

Proof. Using ^ we see that FPdini(C KIC) = FPdim(Z(C)) G Z, so the category 
CMC is weakly integral. Now C = CKlcCKC and we are done by Corolla- 
ry [lilOl □ 

2.10. Center of a braided fusion category. Let C be a braided fusion category 
with braiding c. Let C°p be the same fusion category equipped with the braiding 
cx,Y '■= Cy\- Then the assignment X i— > [X, c_^x) extends to a braided func- 
tor C — !• Z{C). Similarly, the assignment X i— >■ {X, C-^x) extends to a braided 
functor C°P -2(C). Both functors are fully faithful. They combine together into 
a single braided tensor functor G : C Kl C°p Z{C) (see Proposition I3.7f iii) and 
Remark I3.8f a) below) . In Proposition 13.71 we will prove that G is an equivalence if 
and only if C is non-degenerate. For pre-modular categories this is due to M. Miiger 
[Mu5]. 

2.11. Pointed braided categories and metric groups. 

2.11.1. Quadratic forms. Let G and B be abelian groups. We will use the multi- 
plicative notation for the group operations. Following, e.g., jJS] we define a qua- 
dratic form on G with values in i? to be a map q : G B such that q{g^^) — q{g) 
and the symmetric function b{g,h) := g^g^^^Jl),) is bimultiplicative, i.e., b{gig2,h) — 
b{gi, h)b{g2, h) for all gi,g2,h E G. We say that b : G x G B is the bimulti- 
plicative form associated to q. li B — for some field k we will also say that 
b : G X G ^ k" is the bicharacter associated to q. We say that q is non-degenerate 
if b is. 

Remarks 2.37. (i) It is easy to show that if g is a quadratic form in our sense 
then 5(5") = 9(5)" for all g e G, n € Z. Therefore our notion of quadratic 
form is equivalent to Bourbaki's notion of a quadratic form on a Z-module. 

(ii) Not every quadratic form q : G ^ B can be represented as q{g) = I3{g,g), 
where /3 : G x G ^ B is bimultiplicative. Counterexample: G ~ Z/2Z, 
S = C^, q{n) = i''\ 

(iii) Let g : G — > S be a quadratic form and H C G the kernel of the correspond- 
ing bimultiplicative form. Then the restriction of g to 77 is a homomorphism 
X ■ H B such that x(/i)^ = 1 for all h G H. Moreover, q is the puUback 
of a quadratic form q : G/Hq — > i?, where Hq := Ker^. 

2.11.2. The category of pre-metric groups. Now fix an algebraically closed field k 
of characteristic and define G* :— Hom(G, k^). 

Definition 2.38. A pre-metric group is a pair (G, q) where G is a finite abelian 
group and q : G ^ k^ is a quadratic form. A morphism of pre-metric groups 
(Gi, gi) — ?> (G2, 92) is a homomorphism (p : Gi G2 such that 92(0(5)) — 9i(ff) for 
ah g G Gi. 

Pre-metric groups form a category, which will be denoted by VAik- 

2.11.3. Metric groups. Let G be a finite abelian group. A quadratic form q : G ^ 
k^ is said to be non-degenerate if the associated bicharacter b : G x G —?' k^ is 
(i.e., if the homomorphism G G* corresponding to b is an isomorphism). 
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Remark 2.39. If \G\ is odd then by Remark 12.37^ 111) every quadratic form q : 
G ~> comes from a non-degenerate quadratic form on a quotient of G. This is 
not true if G = Z/2Z and q{n) ^ (-1)". 

Definition 2.40. A metric group is a pre-metric group {G,q) such that q is non- 
degenerate. 

2.11.4. Pointed braided categories and pre-metric groups. Let VBk denote the 1- 
categorical truncation of the 2-category of pointed braided fusion categories. In 
other words, VBk is the category whose objects are pointed braided fusion categories 
and whose morphisms are braided functors up to braided isomorphism. 

Let C be a pointed braided fusion category. Then isomorphism classes of simple 
objects of C form a finite abelian group G. If g G G let q{g) £ denote the braiding 
cxx G Avit{X (E) X) = k^ , where X is a simple object of C whose isomorphism class 
equals g. It is easy to show that q : G ^ k^ is a quadratic form. By associating to 
C the pre-metric group {G,q) one gets a functor F : VBk — >• VMk- 

Proposition 2.41. The functor F is an equivalence. 

This proposition is proved in [JS, §3] using some results on the homology of 
Eilenberg - Mac Lane spaces. An elementary computational proof is given in [Qj 
Proposition 2.5.1]. In Appendix ID] we give a proof of the essential surjectivity of 
F. 

2.11.5. The pre-modular category C{G,q). Let {G,q) be a pre-metric group. By 
Proposition 12.411 it corresponds to a braided fusion category. Any such braided 
fusion category will be denoted by C{G,q). So C{G,q) is defined up to a braided 
equivalence, which is unique up to (non-unique) isomorphism. 

Example 12.261 provides a spherical structure and therefore a pre-modular struc- 
ture on the category C(G, q); we use the same symbol C(G, q) for this pre-modular 
category. The corresponding twist is given by 



The fact that 9g = q{g) satisfies means that if X, Y are simple objects of 
C{G,q) and X,Y Q G are their isomorphism classes then 



where b : G x G ^ k^ is the bicharacter associated with q. So the S'-matrix of the 
category C(G, q) is given by Sgh = b{g, h), g,h E G. Thus the pre-modular category 
C{G, q) is modular if and only if the pre-metric group (G, q) is a metric group. 

2.11.6. The pre-modular category C{G, q, x). In the situation of ii2.11.5l let x : G — )• 
fc^ be a character such that = 1- It defines a tensor automorphism cr^ of 
the identity functor C{G,q) — >■ C{G,q), namely acts on a simple object X as 
multiplication by x(^)j where X is the class of X in G. Define a pre-modular 
category C{G,q,x) as follows: as a braided fusion category it equals C{G,q), but 
the spherical structure on C{G,q,x) differs from the one considered in ii2.11.5l bv 
a^. Thus one gets a bijection between isomorphism classes of triples (G, q, x) and 
pointed pre-modular categories up to pre-modular equivalence. 

The simple object of C(G,g,x) with isomorphism class g £ G has dimension 
X{g). The twist in C(G, q, x) is given by 0g = q{g)x{g)- The S'-matrix of C(G, g, x) 
is given by Sgh = 6(ff, h)x{9)xih), g,h£G. 



(26) 

see P^ . 



Sg = qig), 



(27) 



CY,XCX,Y = b{X,Y), 
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2.12. Symmetric fusion categories. A braided fusion category C is called sym- 
metric if C = C. Equivalently, cy,xcx.,y — idjc®y for all objects X,Y G C; in this 
case the braiding c is called symmetric. 

The category Rep(G') of representations of a finite group G equipped with its 
standard symmetric braiding axY{x (8i y) := y (Ei x is an example of a symmetric 
fusion category. Deligne |De( Corollaire 0.8] proved that any symmetric fusion 
category is equivalent to a "super" generalization of Rep(G'). Namely, let G be a 
finite group and let z G G be a central element such that = 1. Then the fusion 
category Rep(G) has a braiding a' defined as follows: 

a'xrix y) = (-l)""?; (g> x if x e X, y eY, zx ^ (-1)"^, zy = (-1)"?;. 

The fusion category Rep(G) equipped with this braiding will be denoted by Rep(G, z) 
Equivalently, Rep(G, z) can be described as a full subcategory of the category of 
super-representations of G; namely, Rcp(G, z) consists of those super-representations 
V on which z acts by the parity automorphism (i.e., zv = v if v € V is even and 
zv = —V if w G is odd). 

Example 2.42. Let G = Z/2Z and z be the nontrivial element of G. Then 
Rep(G, z) is the category of super-vector spaces sVec. 

Recall (see [De] ) that for a symmetric fusion category C a super fiber functor is 
a braided tensor functor F : C — ?► sVec. For a super fiber functor F : C — sVec 
let Gf be the group of tensor automorphisms of F. Let zp ^ Gp denote the 
parity automorphism of F (i.e., for each c € C the automorphism of F(c) G sVec 
corresponding to F{c) is the parity automorphism). It is clear that zp is central 
and (zp)'^ ^ 1. A super fiber functor F : C sVec has an obvious lifting F : C ^ 
Rep(GF, Zp). 

Theorem 2.43. ( |De| ) Let C be a symmetric fusion category. Then 

(i) there exist super fiber functors C ^ s Vec; 

(ii) all super fiber functors C s Vec are isomorphic to each other; 

(iii) for any super fiber functor F : C ^ s Vec the functor F : C Rep{Gp, zp) 
constructed above is an equivalence. 

Remark 2.44. Theorem 12 .431 shows that the isomorphism class of a pair (G, z) is 
uniquely determined by the symmetric fusion category Rep(G, z). 

Example 2.45. Let C be a pointed braided category corresponding to a pre-metric 
group (r, g) (see §2.11|) . Such C is symmetric if and only if the bicharacter b 
associated to q is trivial. Then q : T is a character such that q"^ = 1, and 

C ~ Rep(G,z) with G = F* := Hom(F,fc^), z ^ q. 

The following statement immediately follows from Theorem 12.431 and Exam- 
ple [Ml 

Corollary 2.46. A symmetric fusion category is integral in the sense of Defini- 
tion \2AT\ 

A symmetric fusion category C has a spherical structure such that the corre- 
sponding twist (see ^2.8.2p equals the identity. In general, this spherical structure 
is not positive: it is easy to see that if C = Rep(G, z) then the categorical dimension 
of X G C equals the super-dimension of the super- vector space X (i.e., the trace of 
the operator z acting on the vector space X), so it can be negative. 
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Definition 2.47. A symmetric fusion category C is said to be Tannakian if it 
satisfies the following equivalent conditions: 

(i) the spherical structure on C defined above is positive; 

(ii) C admits a fiber functor, i.e., a braided tensor functor C Vec; 

(iii) the essential image of any super fiber functor F : C ^ sVec is contained in 
Vec C sVec; 

(iv) there exists a finite group G such that C is equivalent to Rep(G) as a braided 
fusion category. 

Example 2.48. A pointed braided category corresponding to a pre-metric group 
(G, q) is Tannakian if and only ii q = I. 

Lemma 2.49. If Ci,C2 are symmetric categories and _F : Ci — >■ C2 is a surjective 
braided functor then Ci is Tannakian if and only if C2 is. 

Proof. If C2 saitisfies property (ii) from Definition 12 .471 then so does Ci. By surjec- 
tivity, if Ci satisfies (iii) then so does C2. □ 

Now let C be a general symmetric fusion category. By Corollary 12.461 Propo- 
sition 12.241 and Remark 12.251 C has a unique positive spherical structure. The 
corresponding twist is a tensor automorphism of the identity functor idc, so by 
Proposition 12.3( 111') it corresponds to a ^2-grading of C. Let Ci C C be the trivial 
component of this grading, i.e., Ci is the full subcategory of objects X £ C such 
that 9x = idjf. In other words, Ci is the maximal Tannakian subcategory of C. 

Corollary 2.50. (i) If FPdim(C) is odd then Ci — C. In other words, a sym- 
metric fusion category of odd Frobenius- Perron dimension is Tannakian. 
(ii) In general, either Ci = C or FPdim{Ci) = ^FPdim(C). 

Proof. This follows from Proposition 12.211 One can also use Theorem 12.431 to 
reduce the statement to the case C = Rep(G, 2). In this case one easily checks 
that the twist 0x equals z\x, Ci = Rep(G/(z)) C Rep(G), FPdim(C) = |G|, and 
FPdim(Ci) = |G/(z)|. □ 

2.13. The regular algebra of a Tannakian category. Let £ be a Tannakian 
category (see Definition I2.47p . By Theorem 12.431 (iii), a choice of a fiber functor 
F : £ ^ Vec defines a finite group Gp ■= AutF and a braided equivalence F : 
£ ~ Rep(Gi?)- Let Fun{GF) be the algebra of functions Gp k; the group Gp 
acts on Fun{GF) via left translations, so FunlGp) is a commutative algebra in 
the category Rep(GF)- Therefore Ag^p := F~^Fun{Gp) is a commutative algebra 
in £. 

Definition 2.51. The algebra Ag p constructed above is called the regular algebra 
oi{£,F). 

In practice, we will often denote it by Ag and call it the regular algebra in 
£. To some extent, this abuse of language and notation is justified because the 
isomorphism class of Ag^p does not depend on F (recall that by Theorem 12.43( 11) 
all fiber functors are isomorphic). 

Remark 2.52. One has a natural isomorphism 



(28) 



Hom(y, Ae,p) := Hom(F(y), 1), V ££, 
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where 1 G Vec is the unit object. In other words, Ag^p — ^(1), where / : Vec £ 
is right adjoint to F. One can use (pS)) as a definition of the regular algebra and 
describe the algebra structure on Ag p as follows. Since F is a tensor functor for 
any V\,V-2. € 5 one gets a map 

Honi(F(l/i), 1) ® Hom(F(T/2), 1) ^ Hom(F(yi) (g) F{V^), 1) = Honi(i^(Fi ® V2), 1), 

i.e., a natural map lloin{Vi , Ag ^p) (g) Hom(V2, A^^i?) — > Hom(Vi (g) V2, Af^j?). Such 
a natural map is the same as a morphisni Ag p (g Ag^p — > Af ^?. This is the algebra 
structure on Ag^p. 

For any algebra A in a monoidal category the algebra A itself and A(E) A both 
have natural structures of A-bimodules. Moreover, the multiplication morphism 
A(E) A A is a morphism in the category of A-bimodules. We will often use the 
following property of the regular algebra. 

Proposition 2.53. Let A = Ag^p be the regular algebra in a Tannakian fusion cat- 
egory £ . Then the multiplication morphism A®A—^A admits a unique A-bimodule 
splitting. In particular, the bimodule A is a direct summand of the bimodule A® A. 
□ 

3. Centralizers in and non-degeneracy of braided fusion categories 

3.1. The subject of this section. The main goal of this section is to extend the 
results of Miiger |Mul[ IMu21 IMu3 ' and Altschiiler-Bruguieres |AB| on centralizers 
to the setting of arbitrary braided fusion categories (not necessarily non-degenerate 
or pre- modular ones). We also prove some other results (e.g., see Theorem 13.141 
and the theory of projective centralizers in j i3.3p . 

In terms of the the heuristic Principle ll.5f ii). the Miiger- Altschiiler-Bruguieres 
theory can be viewed as a "quantization" of the following obvious proposition. 

Proposition 3.1. Let {C,q) be a pre-metric Lie coalgebra (see Definition \Ll\] and 
a (Z C a Lie subcoalgebra. 

(i) a is a metric Lie coalgebra if and only if aD = 0. In particular, C is a 
metric Lie coalgebra if and only if C'^ = 0. 

(ii) dim a -|- dim = dim C + dim and a^^ = a + . In particular, if 
a D C-"" then a^^ = a. 

(iii) Assume that a is a metric Lie coalgebra. Then C ~ a © and C is a 
metric Lie coalgebra if and only if is. □ 

The "quantum" analogs of the statements of Proposition lOl are Theorem l3.4l and 
Corollarv 13.51 for (i). Theorem 13.101 and Corollarv 13.111 for (ii), and Theorem 13.131 
for (iii). 

The notion of projective centralizer from §3.31 also has a "classical" analog: 
namely, given a subcoalgebra a of a Lie subcoalgebra C = g* one can form the 
subcoalgebra [0,0]-"-. 

3.2. CentraUzers. In jMuH lMu2] Miiger introduced the following definition. 

Definition 3.2. Objects X and F of a braided fusion category C are said to 
centralize each other if 



(29) 



cy,xCx,y = idx0Y- 
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The centralizer V of a fusion subcategory I? C C is defined to be the full 
subcategory of objects of C that centralize each object of V. It is easy to see that 
V is a fusion subcategory. Clearly, V is symmetric if and only if I? C I?'. 

Recall from Definition 12.281 that we defined the S-matrix S = {sxY}x,YeO{C) of 
a braided fusion category C by 

_ Tr_ (g) Ti+{cy,xCx,y) 
- d.{X)d+{Y) ■ 

Here traces Tt± and dimensions d± depend on the choice of a natural isomorphism 
tp : X —i' X**, but S does not. Recall that C is called non- degenerate if and only 
if S is non-degenerate. 

For every X G 0{C) the squared norm |Xp ~ d^(X)d_{X) is independent from 
the choice of ip. Recall also that the sum 

dim(C):= J2 1^1' 
xeo{C) 

is non-zero by |ENO) (see ^2.4.2^ 

A characterization of the centralizer of a fusion subcategory of a pre-modular fu- 
sion category in terms of its S'-matrix was given by D. Altschiiler and A. Bruguieres 
in |AB| . In Appendix ICl we prove a generalization of their result for a braided (not 
necessarily spherical) fusion category C. Namely, we prove in Proposition IC. 31 that 
for an object V E 0{C) we have 

(30) V e 0(V') ^ Syv = 1 for all Y e 0(V), 
and 

(31) V^O{V')^ \y\^~^YV=0^ J2 ■^vy\Y\'=0. 

Yeo{T>) Yeo{V) 

Example 3.3. Let {G,q) be a pre-metric group and H C G a subgroup. If C 
is a pointed braided category corresponding to a pre-metric group (G, q) and IC 
corresponds to a subgroup H (Z G then IC' corresponds to H^. This immediately 
follows from ((27)) . 

Now we will formulate the main properties of the centralizers. In the case of 
pointed braided categories (see Example 13. 3|) Theorems 13.41 13.101 and 13.131 below 
amount to standard properties of orthogonal complements. 

Given a fusion subcategory V G C we introduce an equivalence relation on 
0{C) as follows. We say that objects Y,Zg 0{C) are equivalent if there is an 
object W in V such that Y is contained in Z ^ W. It is easy to see that this is 
indeed an equivalence relation on 0{C). The full abelian subcategory of C generated 
by an equivalence class of this relation will be called a V -component of C. This 
terminology is justified by the fact that Y and Z are equivalent if and only if they 
belong to the same indecomposable component of a P'-module category C (see [01] 
for relevant definitions). The following result is a generalization of [Brl Theorem 
3.1] and [Mll2l Theorem 3.2]. 

For a fusion subcategory I? of a braided fusion ctageory C let us consider the 
following submatrix of the S'-matrix of C: 

(32) S-D ■= {sxy}xgO{V),Yi£0{C)- 

Note that S ^ Sc- 
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Theorem 3.4. Let C he a braided fusion category and let V d C be a fusion 
subcategory. The rank of St> is equal to the number of V -components of C. In 
particular, C is non- degenerate if and only if C = Vec. 

The proof is given in Section 

Corollary 3.5. Let C be a braided fusion category. A fusion subcategory T) <Z C is 
a non- degenerate braided category if and only ifDnV = Vec. □ 

Corollary 3.6. Let V be a fusion subcategory of a non- degenerate braided fusion 
category C. Then the number of V -components of C is equal to \0{'D)\. 

Proof. Since C is non-degenerate, the rows of Sd rnust be hnearly independent. □ 

Now we collect various conditions equivalent to the non-degeneracy of a braided 
fusion category. 

Proposition 3.7. The following conditions are equivalent for a braided fusion cat- 
egory C : 

(i) C is non- degenerate (see Definition \2.28]) : 



(iii) Let G : C MC°^ — > Z{C) he the unique braided functor whose restrictions to 
C and C°P are the braided functors from ^2.1(A then G is an equivalence. 

Proof. The equivalence (i)<J4>(ii) is already proved in Theorem 13.41 So we just 
need to prove the equivalence (ii)<^(iii). We have FPdim(Z(C)) = FPdini(C)^ = 
FPdini(C K1C°P), see Hence, by Proposition [2111 ii) it suffices to prove that 

C — Vec if and only if G is fully faithful. By Lemma 12.121 the latter condition 
holds if and only if the images of C and C°p in Z{C) have trivial intersection . But 
this intersection is precisely C □ 

Remarks 3.8. (a) In Proposition I3.7f iii) the existence of G is clear because 
the fusion subcategories C,C°^ ^ Z{C) centralize each other, 
(b) Condition (iii) from Proposition 13.71 is known as factorizability. 

Corollary 3.9. LetC be a fusion category. Then its center Z(C) is non- degenerate. 

Proof. It is proved in |EN021 Proposition 4.4] that the center of a fusion category 
satisfies condition (iii) from Proposition 13.71 □ 

The next theorem is a generalization of the result of M. Miiger |Mu2[ Theorem 
3.2] on modular categories. 

Theorem 3.10. Let C be a braided fusion category and let B, T> C C be fusion 
subcategories. 
(i) We have 



(ii) C = Vec; 



(33) 



dim(S n V) dim(X') = dim(X' n B') dim(S), 



in particular, 



(34) 



dim(X') dim(X>') = dim(C) dim(X' n C). 



(ii) IfVDC then 



(35) 



V 



V. 
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The proof is given in Section [ 
For a pair of fusion subcategories A, B C C let AV B denote the smaUest fusion 
subcategory of C containing A and B. 

Corollary 3.11. IfDcC is any fusion subcategory then V" — VM C . 

Proof. Let 2? = 2? V C. Then V = V', so V" = V" = V by Theorem [SlOtii) . □ 

Corollary 3.12. Let C be a braided fusion category and let A, B d C be fusion 
subcategories. Then 

(36) dim{A) dim(S) = dim{A V B) dim{A D B) . 

Proof. We can assume that C is non-degenerate, for otherwise we replace C by Z{C) 
which is non-degenerate by Corollary 13.91 Using equation p4p twice and equation 
((33ll with V = A' v^e have 

dim(C) _ dim(C) dim(i3) _ dim(^) dim(S) 
™^ ^ dim{A' n B') ^ dim(yl') dim{A n B) ^ ~^MAr^' 

The following result is an easy consequence of Theorems 13.41 and I3.10f ii) . In the 
case when C is modular it is due to M. Miiger |Mu2[ IMu 5]. 

Theorem 3.13. LetC be a braided fusion category and K. C C a fusion subcategory. 
Suppose that the braided category K. is non-degenerate. Then 

(i) the natural braided functor /C H /C' — > C is an equivalence; 

(ii) K,' is non- degenerate if and only if C is. 

Proof. By Theorem 13.41 since K. is non-degenerate /C n /C' = Vec. Let V be the 
fusion subcategory of C generated by /C and /C'. The tensor functor 1CM1C' ^ V 
defined hy XMY ^ X ®Y is braided. It is an equivalence by Lemma 12.121 (this 
fact is also proved in |Mu51 Proposition 7.7]). 

By CoroUarv 13. Ill K." is the smallest subcategory of C containing /C and C' . 
Therefore, JC" ~ JCMC C JCmjC' ~ V and K."fMC' = C . In view of TheoremEHthis 
proves (ii). Applying TheoremEigii) to V we have V^V" ^ (/C"n/C')' = C" = C, 
proving (i). □ 

The next theorem is a modification of equation of Theorem I3.10r i) with 
categorical dimensions replaced by Frobenius-Perron. 

Theorem 3.14. Let C be a braided fusion category and let V d C be a fusion 
subcategory. Then 

(37) FPdim{V)FPdim{V') = FPdim{C)FPdim{V n C). 
The proof is given in Section [3.61 

3.3. Projective centralizers. As before, let C be a braided fusion category. 
3.3.1. The notion of projective centralizer. 

Lemma 3.15. Let X Cz C. For each A € fc^ let T>\ be the full subcategory of objects 
Y £ T) such that cy^xcx.y = A • idx^y ■ 

(i) IfY eVx and Z e 2?^ then Y (g> Z e Vx^; 

(ii) IfY eVx then Y* e Vx-i; 
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(iii) The category 
(38) 

Aefex 

is a fusion subcategory of C . 

Remark 3.16. According to (i), the decomposition ([55)1 is a grading of P. 

Proof. Statement (i) is immediate from the hexagon axiom of braiding. To prove 
statement (ii) let X, Y be objects of C and consider the following diagram 




Here, as usual, evy and coevy denote the evaluation and coevaluation morphisms 
of Y and c denotes the braiding of C. We suppress the associativity and unit 
constraints. The left triangle and the right square commute by naturality of the 
braiding, and the middle triangle commutes by the hexagon axiom. Hence the 
diagram (j39p is commutative, i.e., 

(40) Cy^x = (idygx ^ evy)(idy (g) cy.x ^ idy)(coevy (g) idx^v)- 
Similarly, we have 

(41) cx,Y = (idy^jf <E) evy)(idy (g) c^|y. (g) idy)(coevy g) idx®y). 

If y* e Vx (i.e., CY'.x = >^Cx]y-) then by (gOll-dlll), Cy^^ = >'Cx,y, i-e., Y eV^-i. 
This is equivalent to (ii). 

Finally, (iii) follows from (i) and (ii) combined. □ 

Remarks 3.17. (i) Identites PO]) and (|4ip are well known. Our proofs of 
them are the same as in [Kassi Proposition XIV. 3.1]). 
(ii) Statement (iii) of Lemma 13.151 can be deduced directly from (i) because 
a fusion subcategory of a fusion category is rigid (see Corollary IF. 71 in 
Appendix [F|. 

Definition 3.18. We say that simple objects X,Y E C projectively centralize each 
other if cy,xCx.y = A • idx^y for some X € . If X and Y are arbitrary objects of 
C we say that they projectively centralize each other if every simple component of 
X projectively centralizes every simple component of Y. We say that full subcate- 
gories Ci,C2 C C projectively centralize each other if each object of Ci projectively 
centralizes each object of C2. 

Definition 3.19. The projective centralizer of an object X E C is the full subcate- 
gory of objects of C projectively centralizing X . The projective centralizer of a full 
subcategory T) <Z C is the full subcategory of objects of C projectively centralizing 
each object of V. 

Lemma 13.151 implies that the projective centralizer of an object of C (or of a full 
subcategory I? C C) is a fusion subcategory. 
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3.3.2. Centralizers and projective centralizers. 

Lemma 3.20. Let Y e C, Y ^ A -.^ Y ®Y* . Equip A e C with the algebra 
structure idy (8 evy (8 idy : Y Y* ^ Y (g) Y* ^ Y (E) Y* . Define a functor F from 
C to the category of A-modules in C by F(X) := Y ® X . Then F is fully faithful. 

Remark 3.21. In fact, F is an equivalence, see, e.g., ^EOl Lemma 3.28]. 

Proof. Since Y ^ any object of C is a direct summand oiY*^X for some X E C. 
So it suffices to show that for any X,X' C the map 

(42) Hom(r * (g)X,X')^ HomA (Y (gY* (g) X,Y (g) X'), ip ^ idy (g ip 

is an isomorphism. In fact, the r.h.s. of (|42|) equals HomA(^ (E) X,Y (E) X') = 
IIom(X, Y (g) X') and the map (|42)) is the usual isomorphism Hom(y* (g) X, X') 
Ilomlx,Y (g> X'). □ 

Proposition 3.22. For any simple objects X,Y € C the following conditions are 
equivalent: 

(i) X centralizes Y E)Y* ; 

(ii) X E) X* centralizes Y ; 

(Hi) X andY projectively centralize each other. 

Proof. It suffices to show that (i) and (iii) are equivalent. The implication (iii)=>(i) 
follows from Lemma l3 . 1 5f i-ii) . 

Let us deduce (iii) from (i). We have to show that cx,yCy,x G k. Consider 
A := Y E)Y* sls an algebra in C. Then Y E) X has an A-module structure, namely, 
fE>idx : Ae>YE>X YE)X, where / : Ae>Y = YE)Y*E)Y ->-Y, f = idy (gevy. 
By Lemma [32Q1 EndA(l" <Si X) = End(X) = k. So to prove that cx.ycyx € k 
it suffices to show that cx,YCy^x is an endomorphism oi Y E) X in the category of 
A-modules, which means that the diagram 

f®idx 

(43) AE)YE)X YE)X 



i<iA^Cx,YCY,X 



Cx,YCy,X 



AE)YE)X ^Y(EX 

commutes. The functoriality of the braiding implies that the diagram 

(44) AE)Y E)X ^^"^^ > YE)X 



Cx,A0YCA®Y,X 



cx,ycy,x 



f(g)idx 

AE)YE}X ^YE)X 



commutes, so it remains to show that the diagrams P5)) and pi)) are equal. By 
the hexagon axiom, cx,a<»y = {^^A cx,y) ° i'^x,A ^ idy) and ca^y^x = icA,x 
idy) o (id^ E> cy.x). Finally, cx.aca.x = idx®A by (i). □ 



3.3.3. Application: the centralizer of the adjoint subcategory. In i j2.2l we defined the 
adjoint category fCad of a fusion category /C. The next proposition describes (JCad)' , 
where /C is a fusion subcategory of a braided category C. To formulate it, we need 
the following definition from [GNj . 
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Definition 3.23. Let K be a fusion subcategory of a fusion category C. The 
commutator of K, is the fusion subcategory 1C^° C C generated by aU simple objects 
X such that X ® X* e JC. 

Equivalently, JC^" is the biggest fusion subcategory TZ C C such that TZad C /C. 
Clearly (/C™)ad C /C C (/Cad)"°. 

Example 3.24. If C Rep(G), where G is a finite group, then any fusion subcat- 
egory /C of C is of the form K. = Kep{G / N) for some normal subgroup N of G, and 
/C™ = Rep(G/[G,7V]) (see [GN]). 

The first part of the next statement was proved in [GN, Proposition 6.6] in the 
case where C is pseudounitary. 

Proposition 3.25. Let /C fee a fusion subcategory of a braided fusion category C. 
Then (JCad)' = {IC'Y°. In fact, both (ICad)' o,nd {K,'Y° are equal to the projective 
centralizer of IC. 

Proof. By definition, the simple objects of (ICad)' are those X E 0{C) which cen- 
tralize F y* for any Y E 0{JC). Similarly, the simple objects of {JC'Y" are those 
X E 0{C) for which X (E) X* centralizes any Y E 0{IC). Now use Proposition 

Km □ 

Corollary 3.26. Let IC be a fusion subcategory of a braided fusion category C. 
Then {K.')ad C (/C^")'. If C is non- degenerate then {IC')ad = {IC'^°Y ■ 

Proof. By Proposition [223 = (/C")™ D /C™, so (/C')ad C {IC'"')' . 

If C is non-degenerate then C = Vec, so by Theorem 13. lOf ii). T>" — T> for any 
fusion subcategory T> C C. Therefore in the non-degenerate case Proposition 13.251 
immediately implies the equality {IC')ad = {IC'^")' ■ □ 

Corollary 3.27. // C is non-degenerate then (Cad)' equals the maximal pointed 
subcategory Cpt C C, i.e., the fusion subcategory generated by the invertible objects 
of C . In addition {Cpt)' — Cad- 



Proof. Apply Proposition 13.251 in the case IC — C. Since C is non-degenerate C — 
Vec, so we get {Cad)' = (Vec)™. Finally, (Vec)''° = Cpt (this is immediate from 
Definition I3.23p . The second statement follows immediately from the first one by 
Theorem [STOtii). □ 

In Corollary 13 . 271 we assume that C = Vec. To prove a similar statement in the 
case C = sVec (see Proposition 13.291 below) , we need the following lemma, which 
is due to M. Miiger |Mul|, Lemma 5.4]. 

Lemma 3.28. Let C be a braided fusion category and 6 E C an invertible object 
such that the fusion subcategory of C generated by S is braided equivalent to s Vec. 
Then 5 ® X X for every simple X E C. 

Proof. In 12.4.21 we defined the dimension d+{X) = Tr+(idx), where Tr+ depends 
on the choice of -ipx ■ X X** . We will show that if one takes ■i/'x to be the 
canonical isomorphism ux : X ^ X** from (fT^ then 

(45) d+{5 ® X) = -cl+{X). 

To prove (|45|) . note that since X centralizes 5 formula (jl3p says that us^x = 
us®ux = —ids(E)Ux, and (|45|) follows. Since d+{X) ^ formula (|45|) implies that 
S(g>X(^X. □ 
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Proposition 3.29. Let C be a braided fusion category such that C ~ sVec. Then 

(46) [CadY^Cpt, (Cpt)'=CadVC'. 

Proof. By Proposition 13.251 a simple object X E C belongs to {Cad)' if and only if 
X e {C'Y°, i.e., if and only if X(g}X* £ C . By Lemma [3^ X(g)X* cannot contain 
the nontrivial simple object of sVec, so X (E) X* e C if and only ii X (E) X* e Vec, 
i.e., if and only if X € Cpt- Thus (Cad)' = Cpt- Combining this with Corollary 13. Ill 
we see that {Cpt)' = Cad"^ C . □ 

Remark 3.30. One can prove (|46|) for any braided fusion category C such that C 
is pointed and the group 0{C') is cyclic. We will not need this fact. 

3.3.4. A useful pairing. Here is a more explicit version of CoroUarv 13.271 An in- 
vertible object X of a braided fusion category C defines an automorphism Oi{X) of 
the identity functor given by the composition 

Y ) Y®X®X* YE)XE)X* ^\ Y. 

The following result is well known. 

Lemma 3.31. Let X be an invertible object of a braided fusion category C. 

(i) a{X) is a tensor automorphism of the identity functor; 

(ii) the map a : 0{Cpt) — > Aut(g,{idc) is a homomorphism of groups; 

(iii) for a non-degenerate category C the homomorphism a is isomorphism. 

Proof, (i) and (ii) are straightforward. For (iii) note that X £ 0{Cpt) is in kernel 
of a if and only if X £ C' . Thus under assumptions of (iii) a is injective. Recall 
that by Proposition 12.31 (iii) we have Aut,g,(idc) — Hom(C/c,fc^) where Uc is the 
universal grading group. It is clear that for a braided category C the group Uc 
is commutative and hence Uc = Hom(Aut0(idc), fc^). The homomorphism : 
Uc = Hom(Aut®(idc), A:^) — > Hom(C'(Cpt), fc^ ) dual to a is surjective and hence 
defines a faithful grading of C by the group Hom(C'(Cpt), k^), see §2.31 It is clear 
from the definitions that the trivial component of this grading is precisely {Cpt)' ■ 
By Lemma 13.271 we have (Cpt)' = Cad and by Proposition 12.31 fii) Cad is the trivial 
component of the universal grading. Hence and a are isomorphisms and the 
lemma is proved. □ 

Proposition l2.3r iii) provides a canonical isomorphism Aut(g(idc) — Hom(C/c, k^), 
where Uc is the group of the universal grading. So we can consider the homomor- 
phism a : 0{Cpt) Aut0(idc) as a pairing 

(47) (,):0(Cpt)xC/c^A;\ 

Now Lemma r3.3ir iii) says that for a non-degenerate braided fusion category C this 
pairing is perfect. 

3.3.5. A more general pairing. 

Proposition 3.32. Suppose that fusion subcategories I?i,I?2 C C projectively cen- 
tralize each other. 

(i) There exists a faithful grading I?i = ® (^i)g with trivial component T>i D 

geGi 

{T>2)' and a faithful grading T>2 ~ ® (^2)9 with trivial component T>2 H 

g&G2 

(2?i)'. These gradings are unique up to equivalence. 
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(ii) There is a unique pairing b : Gi x G2 — > fc^ such that 

(48) CX2X1CX1X2 = K9i,92) ■ idxt®X2 if Xi G {'Di)g. , gi e Gi . 
This pairing is non- degenerate. IfDi = I?2 it is symmetric. 

Note that if C is non-degenerate, T>i = Cpt, and 2?2 = C then b is the pairing (|47l) . 

Proof. The uniqueness statement from (i) follows from Corollary 12.61 The unique- 
ness statement from (ii) is obvious. The symmetry property follows from unique- 
ness. 

To prove the existence statements, consider the universal grading di : 0{'Di) — > 
JJp. (see ij2.3l) . By Lemma lS.lSr i). there is a unique pairing b : Uvi x U'D2 such 
that CX2X1CX1X2 = b{di{Xi),d2{X2)) ■ id^K^Xa for all simple Xi e 2?i, X2 £ V2. 
Let Ki C Uvi and K2 C f/pj be the left and right kernel of this pairing. Set 
Gi :— U-dJ Ki. Then b induces a non-degenerate pairing b : Gi x G2 —?' . Clearly 
Vi is graded by Gi. The trivial component of the Gi-grading of 2?i is generated by 
those simple objects of T>i which centralize each object of T>2, so it equals I?i n I?2- 
Similarly, the trivial component of the G'2-grading of T>2 equals T>2 n 1?^. □ 

3.4. Proof of Theorem [SHI 

3.4.1. Idea of the proof. Given a fusion subcategory 2? C C let us define an inner 
product of functions f,g : 0{T>) — > fc by 

(49) (/,5)p:= E \X\'f{X)g{X*). 

xeO{v) 

For any Y e 0{C) define hy : 0{V) k hy hviX) = %xy- 

Recall that we introduced an equivalence relation on 0{C) by taking F, Z e 0(C) 
to be equivalent if there \sW € 0{T>') such that Y is contained in Z ®W . We call 
the equivalence classes of the above relation T)' -components of C. 

The idea of the proof is to show that functions hy and hz are equal if and 
only if y, Z belong to the same component and are orthogonal with respect to 
the inner product (j49p if and only if they belong to different I?'-components of C, 
see Lemmas 13.361 and 13.371 below. This will imply that distinct columns of S-d are 
linearly independent and are parameterized by P'-components of C. 

3.4.2. A non-spherical analogue of the Verlinde formula (|24p . Pick a natural iso- 
morphism jpx ■■ X ^ X**, X G 0{C). For all Y, Z, W E 0{C) consider the linear 
automorphism 

t^z ■■ Hom(W^, Y(g>Z)-^ Hom(T^, Y (g) Z), f^ ^ylzii^Y ®^z)f- 

The automorphisms measure the failure of ^ to be an isomorphism of tensor 
functors. Let Ty^ denote the trace of t^^- 

Remark 3.33. According to jENO| 3.1], for a certain choice of the isomorphisms 
il)x one has e Z (we will not need this fact in the sequel) . When '0 is a pivotal 
structure (i.e., an isomorphism of tensor functors) we have T^^ — -^yzi where 
denotes the multiplicity oiW iwY ® Z. 
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The numbers Ty^ depend on the choice of ip. Namely, if one replaces ip hy ipoa, 
where a = {ctx}xeo(c) is an automorphism of the identity functor of C, then 
gets multiplied by . Therefore the numbers 

(50) ^y^--i^^lf^f-^^ y,z,weoic), 

do not depend on the choice of ip. Note that — when = 0. 
Lemma 3.34. For all X,Y, Z € 0{C) we have 

(51) SxySxz = ^ NyzSxw- 

weO{C) 

Proof. Consider the equality 

(52) {cY,x <E) idz)(idy (E) cz,xcx.z){cx,Y <E) idz) = cy0z,xcx,y<sz , X e 0{C). 

Let us apply Tr+(Tr_ (g) idy (g) Tr+) to both sides of ([52]). The left hand side 

gives d-{X)d+{Y)d+{Z)sxYSxz- For W G C(C) let t^'^z ^® the idempotent 
endomorphism oi Y <Si Z corresponding to the projection on the maximal multiple 
of W contained mY(E)Z. Then the right hand side of ([5^ gives 

d.{X) J2 Tr+(idv(gTr+)(4'^z)w ^ d+iW)T^zSxw- 

weo{c) weo{C) 

Comparing the results we obtain (|5T|) . □ 

Remark 3.35. In the case when ip is pivotal our proof of Lemma [3 . 341 reduces to 
the computation given in pu2l Lemma 2.4]. 

3.4.3. Orthogonality of columns of the submatrix (I32[) of S -matrix. 

Lemma 3.36. Let V d C be a fusion subcategory. Suppose Y, Z Cz 0{C) are in the 
same V -component of C. Then 

hy = hz. 

Proof. Let us choose W in V so that Y is contained in Z ®W . Let tt^^^ : 
Z (g) — > F be a projection from Z ®W onto Y and let izi^w ■ 

Y Z(g)W he 

an inclusion of Y into Z ®W such that Vz®w^z®w ~ '^'^^ ■ -^^"^ ^ 0(1?) we 

compute 

sxY = d-(X)-id+(y)-i(Tr_ ® Tr+)(cy,xcx,v) 

= d_(X)-id+(r)-i(Tr_ ® Tr+)((idx ® P^zlw)^^z®w,xCx^z®w)i^Ax ® ^^zlw)) 
= d^{X)-'d+{Y)-\TT^ ® Tr+)((idx ®p^z^w)icz,xcx.z ® idw)(idx ® 
= d„(X)-id+(r)-i (d_(Z)-i(Tr_ (gTr+)(cz,xCx,z)) Tr+(idy) 
= sxz, 

as required. □ 

Lemma 3.37. For Y, Z E 0{C) we have {hy, hz)v — if and only if Y and Z 
are in different V -components of C . 
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Proof. Fix Y e 0{C). If Z e 0{C) is such that Y and Z are in different 2?'- 
components of C, then 

{hy, hz)v = ^ \X\'^sxySxz' 
xeo{v) 

dim(C) V N^z' = 0, 




where we used Lemma [3.341 and Proposition [C31 see ((3T|) . 

Assume there is Zo in the P'-component of Y such that (hy, hza)v = 0. Then 
by Lemma 13.361 we have {hy, hz)v — for any simple Z from the I?'-component 
of Y. Thus we have seen that for any Z € 0{C) 



\X\'^sxysxz* = {hy, hz)v = 0. 

xeO(r>) 

Multiplying the last equation by taking the sum over Z e 0{C), and using 

Proposition [C3] (see ([501) . (|5T|) ) we obtain 

xeo{v) \zeo{C) 

= dim(C) \^\^^XY 
xeo{vnC') 

= dim(C)dim(X'nC'), 

which is a contradiction, since the categorical dimension of a fusion category is 
non-zero by [ENOI (see t j2.4.2p . □ 

It follows that the functions hy, where Y runs through the set of simple objects 
representing different I?'-components of C, form an orthogonal basis of the vector 
space generated by columns of St>- Theorem 13.41 is proved. 

3.5. Proof of Theorem 13.101 Our argument follows that of fMu2] Theorem 3.2], 
where (j34p and (|35p were proved for a pseudo- unitary braided fusion category C. 
We use Proposition IC. 31 (see (pHl) and (PTjl ) to compute 

xeo{v) zeo{B) xeo{v) \zeo{B) 

= dim(6) E 1^1' 

xeO{B'nv) 

= dim(S)dim(S'nl?). 

Changing the order of summation in the above computation we see that the same 
expression also equals dim(I?) dim(S n V), proving Taking ;B = C we obtain 

((3t)l . Finally, when V D C we have 

dim(X>) dini(P') = dini(C) dim(C') = dim(P') dim(X>"), 



32 VLADIMIR DRINFELD, SHLOMO GELAKI, DMITRI NIKSHYCH, AND VICTOR OSTRIK 



whence dim(I?) = dim(I?") and T) — T>" , proving ((35|). 

3.6. Proof of Theorem 13.141 We start with the following result. Let C be a 
fusion category. If A,B C C are fusion subcategories let ^ V B denote the smallest 
fusion subcategory of C containing A and B. Suppose that 

(53) X ® y ~ y ® X for all X e 0{A), Y G 0{B). 

Property ((53)) implies that the simple objects of AV B arc the simple summands of 
X(g)Y with X e 0{A) and Y e 0{B). 

Lemma 3.38. LetC, A, B be as above. Then 

(54) FPdim{A)FPdim{B) ^ FPdim{A V B)FPdim{A n B). 

Proof. Recall that the regular element of Kq{C)®2M' is Rc — Tlxeoic) FPdim(X)X. 
It is defined up to a scalar multiple by the property that Y ® Rc ~ FPdim(y)_Rc 
for aU Y € 0{C), see pNOl §8.2]. 

Using ^ENOl Proposition 8.5], one can see that 

(55) Ra® Rb^ aRAvB, 

for some positive a. Indeed, take V — (BxeO{A),Yeo{B) X <SiY. Then the multipli- 
cation matrix of V in Ko{AV B) has strictly positive entries and both sides of (|55)) 
are Frobenius-Perron eigenvectors of V. Hence, they differ by a positive scalar. 

The scalar a equals the multiplicity of the unit object 1 in Ra 'Si Rb, which 
is the same as the multiplicity of 1 in J2zeo{AnB} FPdim(Z)^Z (E) Z* . Hence, 
a = FPdim(y^ n B) . Taking the Frobenius-Perron dimensions of both sides of ([55)) 
we get the result. □ 

Now we will prove Theorem 13.141 For any fusion category C and any fusion 
subcategory I? C C let Z-piC) be the fusion category whose objects are pairs 
{X,cx,-), where X is an object of C and cx,- is a natural family of isomorphisms 
cx,v : X ® V V ® X foT all objects V in V satisfying the same compatibility 
conditions as in the definition of the center of C (so, in particular, Zc{C) — Z{C)). 
Note that Zt>{C) is dual to the fusion category V HC°p with respect to its module 
category C, where V and C°p act on C via the left and right multiplication respec- 
tively (see |Mu4| 101] for the definitions of module category and duality for fusion 
categories). So by |ENO[ Corollary 8.14] we have 

(56) FPdim(2:i,(C)) = FPdim(X> H C°p) = FPdini(2?)FPdim(C). 

Also, by |ENO[ Proposition 5.3] the forgetful tensor functor F : Z{C) Zd{C) is 
surjective. 

Now assume that C is a non-degenerate braided fusion category with braiding c. 
There are two embeddings X i-> {X, cx~) and X ^ {X, cZ'^x) °f ^ i^^o Z-p(C). 
Their images will be denoted by C+ and C__. Clearly C+ (H C_ = V . On the other 
hand, C+ = FG{C M 1) and C_ = FG{1 S C), where G : C K C°p ^ Z{C) is the 
functor from Proposition 13.71 Since F is surjective we see that C+ V C_ = Zx)(C). 
So applying Lemma 13.381 to .4 = C_|. and ;B = C_ we obtain 

FPdim(Zx)(C))FPdim(X>') = FPdim(C+)FPdim(C_) = FPdim(C)2. 

By (l56)) . this means that 

(57) FPdim(X')FPdim(X'') = FPdim(C). 
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Now let C be any (possibly degenerate) braided fusion category. Let T>',C' denote 
the centralizers of T>,C in the non-degenerate braided fusion category Z{C). Then 
the usual centralizer of V in C is V = n C and V n C = V n C . 

We can compute FPdim(2? V C) in two different ways. First, by Lemma [3.381 

(^R) FVdimm V r^) FPdim(P)FPdim(C') _ FPdim(2?)FPdim(C) 

(58) FPdim(2? V C ) - FPdim(I? n CO " FPdim(2?nC') ' 

(we have used the equality FPdim(C') = FPdim(C), which follows from (|57p ). Sec- 
ond, by ([571) and (US]) we have 

(59) FPdim(PVC-- FPdim(Z(C)) _ FPdim(C)^ 



FPdim(X>' n C) FPdim(X'') 
Comparing (1551) and ([55]) we get Theorem l3.141 



4. Equivariantization and de-equivariantization 

In this section we recall the equivariantization and de-equivariantization con- 
structions (first in the general setting of fc-linear categories and then for fusion 
categories). The main principles are formulated in 14.1.21 14.2.31 14.4.21 and Theo- 
rem E^Tl 

Unless stated otherwise, we assume that all categories are small (i.e., objects 
form a set rather than a class). 

4.1. Equivariantization and de-equivariantization in the linear setting. 

4.1.1. Basic definitions. As usual, k denotes an algebraically closed field of charac- 
teristic 0. 

Let C be a /c-linear category. Let End (C) denote the category of fc-linear functors 
C — )■ C. This is a monoidal fc-linear category (the tensor product is the composition 
of functors). 

Definition 4.1. We say that a monoidal category A4 acts on C if we are given a 
monoidal functor F : Ai ^ End (C). If is a fc-linear monoidal category and F 
is fc-linear we say that Ai acts on C k-linearly . 

Notation: for a fc-linear action F : Ai End (C) and objects V £ A4, X & C 
we write V ^ X instead of F{V)(X). In particular, we write V (E) X for the tensor 
product of a finite-dimensional fc- vector space V and an object X Cz C. 

For a finite group G let G denote the corresponding monoidal category: the 
objects of G are elements of G, the only morphisms are the identities and the 
tensor product is given by multiplication in G. 

Definition 4.2. An action of G on C is the same as an action of G on C. 

Remark 4.3. Let Vecc be the fusion category of finite-dimensional G-graded fc- 
vector spaces with the obvious associativity constraint. We have a monoidal functor 
G — !• VecG which takes g & G to the vector space fc placed in degree g. Thus Vccg 
identifies with the fc-linear hull of G. So an action of G on C is the same as a 
k-linear action of Vecc on C. 
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Assume that a monoidal category M acts on fc-linear categories Ai and A2- 
Then one defines the category of module functors from Ai to A2- Recall (see e.g. 
[02] ) that a module functor from Ai to A2 is a fc-linear functor F : Ai — >■ A2, 
which commutes with the action of A^, i.e., F is equipped with isomorhisms fv,x '■ 
F{V (g}X) ~V (g) F{X) functorial \nV ^ M, X Ai so that the diagram 

F{V ®W®X) lv,w,i,K ^ ^ ^ ^ 

idvtgifw,x 

V®W®F{X) 

is commutative for every V,W £ M and X e Ai- 

So k-linear categories equipped with A4-action form a 2-category. 

4.1.2. Main principle. Let Rep(G) denote the monoidal fc-linear category of finite- 
dimensional representations of G. Recall that an additive category A is said to 
be Karoubian if every idempotent cndomorphism of an object a G A comes from 
a decomposition a = oi © 02- In ii4.1.3ll4.1~51 we recall the following well-known 
principle (see |AG1 [Gl IFGj ): the datum of a Karoubian k-linear category with an 
action of G is equivalent to the datum of a Karoubian k-linear category with a k- 
linear action of Rep{G) . More precisely, in i i4.1.3ll4.01 we recall two constructions 
(or if you prefer, two 2-functors) 

{fc-linear categories with G-action} {fc-linear categories with Rep(G')-action}, 

which are called equivariantization and de-equivariantization. Theorem 14.41 says 
that these constructions are mutually inverse when applied to Karoubian categories. 

4.1.3. Equivariantization: from G-action to Rep{G)- action. Let G be a finite group 
acting on a Karoubian fc-linear category C. For any g G G let Fg G End(C) be the 
corresponding functor and for any g,h G G let ■^g^h be the isomorphism FgoFh — Fgt 
that defines the tensor structure on the functor G — >■ End(C). A G-equivariant 
object of C is an object X G C together with isomorphisms Ug : Fg{X) ~ X such 
that the diagram 

Fg{F,{X)) : Fg{X) 
Fgu{X) ^X 

commutes for all g,h G G. One defines morphisms of equivariant objects to be 
morphisms in C commuting with Ug, g € G. The category of G-cquivariant objects 
of C will be denoted by C'~^. It is a Karoubian fc-linear category, which is often 
called the equivariantization of C. 

The category Rep(G) acts fc- linearly on the category C^. Namely, to a repre- 
sentation p : G ^ GL{V) and an object {X,Ug) £ C'~^ one associates the object 
(V (g) X, u^), where u"^ : Fg{V ® X) c:i V ® X is the composition 

FgiV(g,X)^V(g> Fg{X) '^'^^ V®X. 
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4.1.4. De-equivariantization: from Rep[G)- action to G-action. Let A := Fun[G) 
be the algebra of functions G ^ k, a.k.a. the regular algebra. The group G acts 
on A by left translations, so A can be considered as an algebra in the nionoidal 
category Rep(G). Now let I? be a Karoubian category with a fc-linear action of 
Rep(G). Since Rep(G) acts on V there is a notion of A-niodule in V. The category 
of A-modules in V will be called the de-equivariantization of V. For a while, we will 
denote it by Vq (in M.l.lOl we will introduce alternative notation and terminology). 
Clearly T>g is a Karoubian fc-linear category. Note that G acts on A viewed as an 
algebra in Rep{G) (this is the action of G on Fun{G) by right translations). So G 
acts on the category of A- modules in V, i.e., on Vq. 

4.1.5. Main result. 

Theorem 4.4. The 2-functors C i— !■ and T) i— >■ Dg are mutually inverse 2- 
equivalences between the 2-category of Karoubian k-linear categories equipped with 
G-action and the 2-category of Karoubian k-linear categories equipped with a k- 
linear Rep(G) -action. 

A proof of this well known theorem is given in ^14.1.6114.1781 below. 

Remark 4.5. In particular, the theorem says that for any Karoubian fc-linear cate- 
gory C equipped with G-action there is an equivalence C {C^)g which commutes 
with the action of Vecfj, and for any Karoubian fc-linear category equipped with a 
fc-linear Rep(G)-action there is an equivalence 2? (T>g)^ which commutes with 
the action of Rep(G). 

4.1.6. The forgetful functor C'^ — >■ C and the equivalence C {C^)g. Let C be a 
Karoubian fc-linear category with an action of a finite group G. 

Lemma 4.6. (i) The forgetful functor $ : C-^ C is faithful. 

(ii) The induction functor 

(60) Ind-.C^C^, Ind{X):^ ® Fg{X) 

is both left and right adjoint to $. 

(iii) Each X € C can be represented as a direct summand of ^{Y) for some 
Y eC^. Namely, one can take Y = Ind{X). 

(iv) Every X £ can be represented as a G-equivariant direct summand of 
Ind{^{X)). 

Proof. Statements (i-iii) are clear. To prove (iv), notice that the composition of 
the adjunctions X — >■ Ind {^{X)) X equals |G| • idx (it is here that we use that 
fc has characteristic 0). □ 

Now we will construct a G-equivariant equivalence F : C {C^)g such that 
the diagram 

(61) C iC^)G 




commutes. Namely, for X G C we define F{X) to be the object Ind {X) g 
(see ((60| ) equipped with following action of the algebra A :— Fun(G): a function 
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/ e Fun(G) acts on Fg{X) C Ind (X) as multiplication by f{g)- The functor F 
commutes with G-action in the obvious way (use the isomorphism Fg{Fgi{X)) — > 

Proposition 4.7. F : C ^ {C^)g 

is an equivalence. 

Proof. We will construct F~^. Let Y G {C'^)c i.e., y is a G-equivariant object 
of C with a G-equivariant algebra homomorphism Fun(G) — >■ End(y). For g G G 
let Cg £ Fun(G) be the corresponding minimal idempotent, i.e., Cg is the function 
on G such that eg{g) = 1 and eg{g') = for g' ^ g. Since C is Karoubian the 

images of the idempotents eg in End(F) define a decomposition Y — ® Yg. Now 

sec 

set F-i(r) := Yi, where 1 is the the unit of G. □ 

To prove Theorem 14. 4[ it remains to show that the 2-functor C ^ C'^ is a 2- 
equivalence. In §4.1.8l we give a proof of this fact which was communicated to us by 
A. Beilinson. It is based on a convenient way of thinking about categories equipped 
with Rep(G)-action, which is explained in §4.1.71 

4.1.7. Rep{G)- actions and RepriG)- enrichments. Notation: Repr(G) is the cate- 
gory of all representations of G over k and Rep(G) C Repr(G) is the full subcate- 
gory of finite-dimensional representations; Vect is the category of all vector spaces 
over k and Vec C Vect is the full subcategory of finite-dimensional spaces. 

Let 2? be a fc-linear category with a fc-linear Rep(G)-action. For every X,Y 
we have a contravariant /c-linear functor 

(62) Rep(G) ^ Vect, V ^ Romv{V » X, F). 

Since Rep(G) is semisimple any fc-linear functor Rep(G) — Vect is representable 
by an object of Repr(G). Let Hom (X, Y) e Repr(G) be the object representing the 
functor ((62)) . i.e., 

(63) RomrJV. IloiJi (X.Y)) = RomrylV (F) X.Y). 

Thus we get a Repr(G)-enriched category S). Clearly V can be uniquely recon- 
structed from 23: the objects are the same, Homi,(X,y) = Hom(X,y)<^, and the 
action of Rep(G) on V is uniquely determined by ((63)) if it exists, i.e., if £> is 
complete in the following sense. 

Definition 4.8. Let S be a Repr(G)-enriched category and D the fc-linear category 
with Ob 2? = ObS) and llom-v{X,Y) = llom ^(X.Y)^. We say that S) is complete 
if for every X G D and V G Rep(G) there exists V <^ X € D such that (|63l) holds 
functorially in V e I?. We say that 2) is G-Karoubian if V is Karoubian. 

So a Karoubian fc-linear category V equipped with a fc-linear Rep(G)-action is 
essentially the same as a G-Karoubian complete Repr(G)-enriched category 2). 

4.1.8. Repr(G) -enrichments and G-actions. Let C be a fc-linear category with G- 
action. In this subsection we view C*^ as a Repr(G)-enriched category. So the 
objects of C*^ are the G-equivariant objects in C, for every X,Y & C'^ the space 
Hom (X, Y) equals Home (X, 5^), and the G-action on Hom fX, Y) comes from the 
G-action on C. If C is Karoubian then C'^ is G-Karoubian. 

On the other hand, if S is a Repr(G)-enriched category we can forget the G- 
action on morphisms and get a fc-linear category, denoted by 'D plain- Then we can 
interpret the G-action on the morphisms of S) as a G-action on '£) plain. Let S)g 
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denote the Karoubi envelope (a.k.a idempotent completion) of D plain- Clearly G 
acts on J)g- 

Theorem 4.9. The 2-functors C i-> and D i— > Dq are mutually inverse 2- 
equivalences between the 2-category of Karoubian k-linear categories equipped with 
G-action and the 2-category of G- Karoubian complete Repr{G)- enriched categories. 

Remarks 4.10. (i) In particular, Theorem 14.91 states that the 2-functor C C*^ 
is a 2-equivalence. In view of the results in §4.1.61 this implies Theorem 14.41 

(ii) Combining Theorems 14.91 and 14.41 we see that if V and 1) are related as in 
^4.1.7l thcn £>G identifies with Vq. 

Proof, (i) Let C be a Karoubian fc-linear category equipped with a G-action. The 
forgetful functor C*^ C identifies {C'~^)piain with the full subcategory of those 
objects of C which admit a G-equivariant structure. By Lemma l4.6( iii). the Karoubi 
envelope of this full subcategory equals C. So {C'~^)g = C. 

(ii) Now let £> be a G-Karoubian complete Repr(G)-enriched category, Co 
plain, and C — TIg (so C is the Karoubi envelope of Co). We will show that the 
obvious fully faithful G-equivariant functors D ^ ^ are equivalences, i.e., 
(2)0)^ = 2). 

Our 2) is G-Karoubian, so to prove that C'~^ — Ti it suffices to represent any 
X G as a G-equivariant direct summand of an object of D. By Lemma l4.6f iv). 
X can be represented as a G-equivariant direct summand of Ind($(X)), where 
$ : C*^ — >■ C is the forgetful functor and Ind : C — >■ is the induction functor. But 
C is the Karoubi envelope of Co, so ^{X) is a direct summand of some y S Co and 
therefore Ind(4>(X)) is a G-equivariant direct summand of Indy. Finally, IndF S 
J) C C*^ because C is complete (Indy is the tensor product of Fun(G) G Rep(G) 
and y e D). □ 

4.1.9. The canonical functor 2? — > T>g- By definition, "Dq is the category of A- 
modules in 2?, where A e Rep(G) is the regular algebra. The forgetful functor 

: T>G T) has a left adjoint, namely, 

(64) Yiee-.V ^Vg, X ^ A® X. 

li T> — C'^ we can identify C with T>g using the equivalence F : C — > T>g from 
§4.1.61 Then the induction functor Ind : C identifies with : V ^ Vg (see 

diagram (pT|) ). The forgetful functor C*^ — > C is left adjoint to Ind, so it identifies 
with the functor ([M]) . 

4.1.10. De-equivariantization: alternative notation and terminology. Let V he a, k- 
linear category with an action oi£ := Rep(G). We will often write V^gVec instead 
oHDg, and we will often call it the fiber category. This is especially convenient if the 
Tannakian category £ is the primary object and G appears as the automorphism 
group of a fiber functor £ Vec. 

Remarks 4.11. (i) The idea behind the name "fiber category" is that T> can be 
viewed as a family of categories over the classifying stack of the finite group G 
corresponding to £ and V Klg Vec is the fiber of this family. 

(ii) The notation T> Klf Vec suggests that the fiber category can be interpreted 
as a tensor product of £-module categories V and Vec (the structure of f -module 
category on Vec comes from the fiber functor £ — )■ Vec). It is indeed possible to 
give such an interpretation (and to define the general notion of tensor product of 
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module categories). But in this article we treat the notation T> Vec as a single 
"hieroglyph" . 

4.1.11. Semisimplicity. We say that a fc- linear category is semisimple if it is equiv- 
alent to a direct sum of finitely many copies of Vec. 

Proposition 4.12. Let C be a Karoubian k-linear category with an action of a 
finite group G. Then C'^ is semisimple if and only if C is. 

Proof. A fc-linear category A is semisimple if and only if it has the following prop- 
erties: 

(i) A is abehan; 

(ii) every monomorphism in A splits; 

(iii) dim Hom(X, Y) < oo for aU X,Y € A; 

(iv) every increasing sequence of strictly full Karoubian subcategories of A sta- 
bilizes. 

Now let C and G be as in the proposition. By Theorem 14. 4[ C — (C'-^)g, i.e., C is 
the category of Fun(G)-modules in C'~^ . So it is clear that properties (i), (iii), (iv) 
hold for C'^ if and only if they hold for C. It remains to prove this for (ii). 

Suppose that (ii) holds for C. Let Y E C'^ and let X C F be a G-equivariant 
subobject. In C we have a retraction r :Y ^ X. By averaging r with respect to G 
we get a G-equivariant retraction Y — > X, i.e., a retraction in C'^ . 

Now suppose that (ii) holds for C'^ . One has the functor Ind : C C'^ , IndX := 

Fg(X). U Y e C and X C Y then IndX C IndY, so we have a retraction 
g&G 

IndF IndX. Composing it with the embedding X = Fi(X) ^ IndX and the 
projection Indy Fi{Y) ~ Y we get a retraction Y ^ X. □ 

4.2. Equivariantization and de-equivariantization of tensor categories. 

4.2.1. Basic definitions. Let C be a tensor category (in the sense of i jl.ip . Consider 
the category Aut (C). whose objects are tensor auto-cquivalences of C and whose 
morphisms are isomorphisms of tensor functors. Aut(C) has an obvious structure 
of monoidal category, in which the tensor product is the composition of tensor 
functors. 

Recall that if G is a group then G denotes the corresponding monoidal category: 
the objects of G are elements of G, the only morphisms are the identities and the 
tensor product is given by multiplication in G. 

Definition 4.13. An action of a group G on a tensor category C is a monoidal 
functor G — >■ Aut (C). In this situation we also say that G acts on C. 

If C is equipped with a braided structure the category Aut(C) contains the full 
subcategory Aut^' (C) consisting of braided equivalences. 

Definition 4.14. We say that an action G — > Aut(C) respects the braided structure 
if the image of G lies in Aut '"' (C). In this case we also say that G acts on C viewed 
as a braided tensor category. 

We will use the following notion from [Be, 2.1]. 

Definition 4.15. A central functor from a braided category B to a tensor category 
C is a braided functor i3 — Z{C). 
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Now let us introduce categorical analogs of the notions of associative unital 
algebra and commutative associative unital algebra over a commutative associative 
ring E. Let £ be a symmetric tensor category (it will play the role of E). 

Definition 4.16. A tensor category over f is a tensor category C equipped with a 
central functor £" — C (i.e., a braided functor £ — >■ Z{C). A braided tensor category 
over f is a braided tensor category C equipped with a braided functor £ ^ C (see 
^3.2l for the definition of C). If a tensor (resp. braided tensor) category C over £ is 
a fusion category we say that C is a fusion (resp. braided fusion) category over £. 

Remark 4.17. A braided tensor category C over £ can also be viewed as a tensor 
category over £: namely, define F : £ Z{C) to be the composition £ C ^ 

C-?->Z(C), where $ comes from the braided structure on C. Note that the composi- 
tion C ^ C^Z{C) identifies with the composition C {C')°p ^ C°p Z{C). 

For a fixed group G, tensor categories equipped with G-action form a 2-category 
with 1-morphisms being tensor functors respecting the action and 2-morphisms 
being tensor isomorphisms of tensor functors. Similarly, one has the 2-category of 
braided tensor categories endowed with a G-action respecting the braided structure. 

For a fixed symmetric tensor category tensor categories over £ (or braided 
tensor categories over £) form a 2-category. 

4.2.2. Equivariantization. Suppose that a group G acts on a tensor category C. Let 
C'^ be the category of G-equivariant objects (a.k.a. the equivariantization) of C, 
which was defined in ^ ^4.1.31 Then C'^ has an obvious structure of tensor category. 
We have a tensor functor 

(65) Vec ^ C, 

which canonically decomposes as Vec — > Z(C) — > C. Accordingly, we have a tensor 
functor 

(66) Rep(G) = Vec^ ^ , 

which canonically decomposes as Rep(G) — ^ ZiC'^) -> C'^ . So C*^ has a structure 
of tensor category over Rep(G). 

Now suppose that C is a braided tensor category and the action of G on C respects 
the braiding. Then C*^ is a braided tensor category. Moreover, ((66|) is a braided 
functor, so is a braided fusion category over Rep(G). 

4.2.3. Main principle. The following result is due to A. Bruguieres |Brj and M. Mii- 
ger [Mulj (they formulated and proved it in the setting of pre-modular categories) . 

Theorem 4.18. Let G be a finite group. 

(i) Equivariantization defines a 2-equivalence C i— >■ C*^ between the 2-category 
of Karoubian tensor categories with an action of G and the 2-category of 
Karoubian tensor categories over RepiG). 

(ii) Equivariantization defines a 2-equivalence C i— ^ C'^ between the 2-category of 
Karoubian braided tensor categories with an action of G and the 2-category 
of Karoubian braided tensor categories over Rep{G). 

(iii) Let C be a Karoubian tensor category with an action of G. Then C is a 
fusion category if and only if is a fusion category and the functor (|66|) 
is fully faithful. 
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Proof. To prove (i), we will construct the inverse 2-functor. Let I? be a Karoubian 
tensor category over Rep(G). Note that Z{'D) acts by multiplication on V viewed 
as a /c-linear category. So the tensor functor Rep(G') — Z{'D) defines an action of 
Rep(G) on V viewed as a fc-linear category. Therefore by ! j4.1.7[ T> gives rise to a 
Repr(G)-enriched category D. Let us define on S) a structure of Repr(G)-enriched 
tensor category. We already have the tensor product on the objects of 33 (which are 
the same as those of V). To define it on morphisms, note that for Xi, X2, li, I2 G 'D 
and Vi,V2 £ Rep(G) the tensor product map 

Homi,(V^i (g) Xi,Yi) «) Homi,(y2 «) X2, ^2) ^ Homi,(V"i (g) V2 «) (g) X2, Y\ ® Y2) 
can be interpreted as a map 

(67) HomG(yi,Hom(Xi,yi))(gHomG(l/2,Hom(X2,r2)) ^ 

^ HomG(14 ®V2,Hom(Xi 0X2, Yi (8)^2)). 

Since (|67l) is functorial in Vi,V2 S Rep(G) it yields a Repr(G)-morphism 

Hom (Xi , Fi ) g) Hom(X2 ,¥2)-^ Hom (Xi ® X2 , Yi g) ^2 ) • 

So we get a functor g) : S x S — > S. In fact, S is a Repr(G)-enriched tensor 
category, whose associativity isomorphisms are those of V. Just as in i j4.1.81 define 
Dg to be the Karoubi envelope (a.k.a idempotent completion) of the plain (not 
enriched) tensor category corresponding to D. Then T)g is a Karoubian tensor 
category equipped with an action of G. The 2-functor S) 1— >■ is inverse to the 
equivariantization 2-functor C 1— )■ C*^ (see Theorem 14.91 and its proof). 
So we have proved (i). The proof of (ii) is similar. 

Let us prove (iii). By definition, a tensor category C is fusion if it is rigid, 
semisimple in the sense of ^4.1.111 and Ic is simple. Now suppose that C is equipped 
with an action of G. Then is rigid if and only if C is (the "only if statement 
follows from Lemma l4!6l iii')). By Proposition 21121 C*^ is semisimple if and only if C 
is. Finally, the simplicity of Ic is equivalent to the fully faithfullness of the functor 
(|S5t , which is equivalent to the fully faithfullness of its equivariantization ([55]) . □ 

4.2.4. De- equivariantization of tensor categories. In the proof of Theorem 14. 181 we 
described the inverse of the equivariantization 2-functor C 1— > C*^. Here is an alter- 
native description due to [Br| IMul] . 

Let G be a finite group and £ := Rep(G). Or equivalently, let f be a Tan- 
nakian fusion category equipped with a fiber functor £ — ?> Vec, and let G be the 
automorphism group of the fiber functor. Let I? be a Karoubian tensor category 
over £. Let A be the regular algebra in Rep(G) (i.e., A is the algebra of func- 
tions on G equipped with the action of G by left translations). The tensor functor 
Rep(G) — ?► Z{'D) allows to talk about ^-modules in V. Let I?g be the category of 
A-modules in T). It is a tensor category with respect to the functor 

(68) Ml ®A M2 := (Ml g) M2) ®A®A A, Mi , M2 G X>g 

(note that by Proposition 12.531 the multiplication morphism A ® A ^ A admits 
an [A (E) A)-module splitting, so the r.h.s. of (|68)) makes sense, even though V is 
not assumed to be abelian). In §4.1.41 we defined an action of G on the A:-linear 
category Vg (it comes from the action of G on A by right translations) . Clearly G 
acts on T>G viewed as a tensor category. 
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Proposition 4.19. The 2-functor V i-> Vg from the 2-category of Karoubian 
tensor categories over Rep{G) to the 2-category of Karoubian tensor categories with 
G-action is inverse to the 2-functor C C'~^ . 

Proof. The equivalence F = Fq ■ C {C'^)g constructed in t j4.1.6l has a natural 
tensor structure. (Indeed, if X, F e C then F{XiSiY) is the object Fg{X<^Y) € 

geG 

equipped with the natural A-modulc structure and F{X) (g)^ F{Y) is the object 
{Fg{X) (g) Fg{Yj) S equipped with the natural ^-module structure.) 

The equivalence Fq : C [C'^)g is natural in C. So the 2-functor V i— > Vg is 
left inverse to the 2-functor C ^ . By Theorem B.lSf i'l. the 2-functor C i-> is 
a 2-equi valence, so its left inverse is also a right inverse. □ 

Definition 4.20. The tensor category Vq is called the de-equivariantization of I? 
or the fiber category. 

We will often use the notation T> Ms Vec instead of Vg (the idea behind this 
notation and the name "fiber category" was explained in i j4.1.10[) . 

Remark 4.21. By Theorem 14. ISr iii) . Vg is a fusion category if and only if 2? is a 
fusion category and the functor Rep(G') — 2? is fully faithful.. 

4.2.5. De-equivariantization of braided tensor categories. Let I? be a braided cate- 
gory over 8 — Rep(G). As explained in 14.2.41 Vg = V Vec is a tensor category 
with respect to the functor ((68)) . 

Proposition 4.22. (i) Vg has a unique braiding Mi (E)a M2 M2 (E)a Mi 

such that for every Mi , M2 S Vg the diagram 

(69) Ml (g) M2 ^ M2 (g Ml 



Ml (g)A M2 M2 ®A Ml 

commutes. 

ill) The 2-functor V i— > Vg from the 2-category of Karoubian braided tensor 
categories over Rep{G) to the 2-category of Karoubian braided tensor cate- 
gories with G-action is inverse to the 2-functor C . 

Proof, (i) Uniqueness is clear. Let us prove existence. By Theorem l4.18f ii). we can 
assume that V = for some braided tensor category C. Then we have a tensor 
equivalence F : C Vg (see i j4.1.6l and the proof of Proposition 14.191) . So we 
get a braided structure on Vg- To check the commutativity of (|69p . write Mi as 

F{x,), x,ec. 

(ii) By the construction of the braided structure on Vg, the 2-functor V M- Vg 
is left inverse to the 2-functor C ^ C'^ . By Theorem B.lSf i'). the 2-functor C ^ 
is a 2-equivalence, so its left inverse is also a right inverse. □ 

Remark 4.23. For direct proofs of existence in Proposition I4.22f i) see Propo- 
sition 2.2], [Mul. Lemma 3.10], or the proof of [KiO. Theorem 1.10] (especially, 
figure 6 from the proof). 



42 VLADIMIR DRINFELD, SHLOMO GELAKI, DMITRI NIKSHYCH, AND VICTOR OSTRIK 

4.2.6. The tensor functors C'^ — > C and D — > T)q. Let I? be a tensor category 
over Rep(G'). By definition, TDq is the category of yl-moduies in T) equipped witli 
tfie tensor product (|68p (liere A e Rep(G') is tire regular algebra). So the "free 
A-module" functor 

(70) Free -.V^Vg, A®X 

has an obvious structure of tensor functor. If I? is a braided tensor category over 
Rep(G) then this tensor functor is braided. 

On the other hand, if C is a tensor (resp. braided tensor) category with G-action 
then the forgetful functor $ : C'' — >■ C is a tensor (resp. braided) functor. 

Now let V = C'^ and let : C Vg be the tensor equivalence from the proof 
of Proposition 14. 191 

Lemma 4.24. The tensor functor : T> T>q is canonically isomorphic to the 
tensor functor (j70p . □ 

Reformulation of the lemma. // one identifies C with T>g using the tensor 
equivalence F : C — 5- T>g then the forgetful functor C identifies, as a tensor 

functor, with (j70p . 

Remark 4.25. Recall that the functor Free : T> — > T>g and the forgetful functor 
C*^ — > C have right adjoints, namely, the forgetful functor T>g — ^ T> and the induc- 
tion functor Ind : C — > (see formula (|60|) and §4.1.9p . These right adjoints are 
pseudotensor functors in the sense of jBDi §1.1.5 and §1.1.6(ii)]. E.g., the structure 
of pseudotensor functor on Ind : C is given by the morphism 

(71) Ind(X)«)Ind(y) ^Ind(X®r), X,YeC 

that kills a{X) (g) (3{Y) C Ind(X (E)Y) if a, /3 G G are not equal and maps a{X) (g) 
a{Y) C Ind(X (g> Y) to a{X (g) F) C Ind(X (g) Y) in the obvious way. If G 7^ {1} the 
morphism of functors ()7ip is not an isomorphism, so Ind is not a tensor functor. 

4.2.7. Dimensions. From now on we assume that C is a fusion category with G- 
action and I? is a fusion category over Rep(G) such that the functor Rep(G) T> 
is fully faithful (C and T> are not assumed to be braided). The following re- 
sult shows that dimensions are well behaved under equivariantization and de- 
equivariantization. 

Proposition 4.26. We have dini(C'^) = |G|-dini(C), FPdim(C<^) = |G|-FPdini(C). 
Eqmvalently, dim(2?G) = jgy dim(X>) anrf FPdim('DG) = |^FPdim(X>). 

Proof. The equivalence of the formulas involving C and T> follows immediately from 
Proposition 14. 191 We will prove only the formulas involving C. 

Let X be a simple object of C and H C G the stabilizer of its isomorphism 
class. We have a central extension O-^-fc^ H ^ H 0, where H is the set of 
pairs consisting of an element h d H and an isomorphism Fh{X) — > X . The set of 
isomorphism classes of simple objects of C*^ whose image under the forgetful functor 
C*^ — > C contains X is in natural bijection with the set Irr^(.ff) of irreducible finite- 
dimensional representations of H such that each \ E C H acts as multiplication 
by A. For V € Irr^(77) let Xy denote the corresponding simple object of C*^. We 
will show that 



(72) 



\Xvf ^ (G : Hf ■ diuiiVf ■ \Xf 
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(73) FPdini(Xi/) ^{G : H)- dim(V") • FPdini(X). 

To prove ((72l) . notice that there exists a pair {ip^ij}'^) of functorial (but not neces- 
sarily tensor) isomorphisms ipx ■ X X**, X e C and : ^ — > Y**, Y e C'^ 
such that F{4>^) = ip where F : C'^ — >■ C is the forgetful functor (such pairs are in 
bijection with G-invariant functions 0{C) — )■ fc^, see H2.4.2p . For such a pair we 
clearly have d±{Xv) = d±{F{Xv)) ^ {G : H) ■ dim(l/) • d±{X), so ([72]) follows 
from (g]). Similarly, follows from the formula ¥¥d\xn{Xv) = FPdim(_F(Xy)), 
which is a consequence of the uniqueness of the Frobenius-Perron dimension, see 

Now the proposition follows easily from (|72p . (1751) . and the formula 

d\n^{Vf = \H\. 

yelrri(H) 

□ 

Corollary 4.27. The category is integral (resp. weakly integral) if and only if 
C is. □ 

Proof. In the weakly integral case use Proposition 14.261 In the integral case use 
formula (IZl). □ 



The following corollary is an analog of Proposition 12.211 for categorical dimen- 
sions. 

Corollary 4.28. Let G be a finite group and let C = ®geGCg be a faithfully G- 
graded fusion category. Then dim(C) = \G\ ■ dim(Ci). 

Proof. By [EN03| Proposition 2.9(ii)], Z{C) contains a Tannakian subcategory 
£ — Rep(G') such that E'^gVec ^ Z{Ci). Computing the categorical dimensions of 
both sides using ([15]), Theorem [3.10r i). and Proposition l4.26l we get dim(C)^/|Gp = 
dim(Ci)2. □ 

Corollary 4.29. LetC be a fusion category over a symmetric fusion category £. Set 
dim£(C) := dim(C)/ dim(£:), FPdimsiC) := FPdim{C)/ FPdim{£). Then dim£(C) 
and FPdim£{C) are algebraic integers. 

Proof. If £ is Tannakian this follows from Proposition l4.26l and the statements from 
pXTl and §2.4.31 Now suppose that £ is not Tannakian. For any ti G N let C^" 
denote the tensor product of n copies of C. Let £"„ C be the maximal Tannakian 
subcategory. Theorem 12. 43r iii) implies that dim(f„) = idim(£^"), so considering 
C^" as a fusion category over we see that 2{dims{C))" is an algebraic integer for 
any n € N. Therefore dim£(C) is an algebraic integer. A similar argument works 
for FPdim£(C). □ 

4.2.8. Fusion subcategories and gradings. Let I? be a fusion category over £ = 
Rep(G) such that the functor £ T> is fully faithful. Then the fiber category 
C := T> ^£ Vec is a fusion category with G- action, and T> ~ C'-^ . 

Proposition 4.30. (i) There is an isomorphism between the lattice of fusion 
subcategories T) <ZT> containing £ and the lattice of G-stable fusion subcat- 
egories C CC: namely, V = C'^ , C ^VMs Vec. 
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(ii) There is a bijection between the set of G-invariant gradings of C and the 
set of gradings of V trivial on £: namely, to a grading C — ObeBCb such 
that each Ct is G-stable one associates the grading of V by B defined by 
Db '■= (Cb)^ , b ^ B . This bijection preserves faithfulness of the gradings. 

(iii) Let V be a braided fusion category over £ (so C := T) Klg Vec is braided). 
Then the isomorphism from (i) commutes with taking the centralizer, i.e., 
[CGy = (C')G^ {p Kg Vec)' = V' Me Vec. 

Proof. Statement (i) is clear. To prove (ii), we will construct the inverse map 

{Gradings of T) trivial on £} — > {G-invariant gradings of C}. 

Namely, given a grading V = ®be b T^b trivial on E we set 

Cb {T^b)G '■— {the category of A-modules in T)b}, 

where A is the regular algebra of £. We have to show that if Afi e Cb^ and 
M2 € Cb2 then Ml ®a M2 € Cb^bi- This follows from the fact that Mi <^a M2 is a 
direct summand of Mi (g) M2 . 

Finally, let us prove (iii). Let C C C be a G-stable fusion subcategory. Clearly 
{C')^ centralizes C<^, so {C')^ C (C^)' . Let $ : ^ C be the forgetful functor. 
To prove that {C^y C {C')^, we have to show that if X e C*^ centralizes C*^ then 
$(X) centralizes each object Y G C. By Lemma HTST iii) . y is a direct summand of 
^{Z) for some Z e C*^. Since X centralizes Z we see that ^{X) centralizes ^{Z). 
So $(X) centrahzes Y. □ 

Corollary 4.31. (i) The braided fusion category TJMg Vec is non- degenerate if and 
only if T>' — £ . 

(ii) 2? Vec is symmetric (resp. Tannakian) if and only if T) is. 

(iii) The isomorphism from Proposition maps the set of symmetric (resp. 
Tannakian) subcategories of containing £ onto the set of G-stable symmetric 
(resp. Tannakian) subcategories ofV^s Vec. 

Proof. Let C := V Kg Vec, so I? = C'^ . By Theorcm l3.41 C is non-degenerate if and 
only if C = Vec. On the other hand, by Lemma f4.6f iii). C — Vec if and only if 
(C)*^ equals Vec'^, which is the same as Rep(G). Now statement (i) follows from 
Proposition I4.30r ii) . 

To prove (ii) in the symmetric case, use Proposition 14.30^ 11) . In the Tannakian 
case use Lemma [2.491 Clearly (iii) follows from (ii). □ 

4.2.9. Some canonical equivalences. 

Lemma 4.32. LetT> be a fusion category over the Tannakian category £ := Rep{G) 
such that the functor £ ^ T> is fully faithful and let J- be a fusion subcategory of 
£. LetV ■.= VMjr Vec and £ ■.^£Mjr Vec. 

(i) There is a G-equivariant tensor equivalence 
(74) V Kg Vec ^V^e Vec. 

(ii) If V is a braided fusion category over £ (so both sides of (|74p are braided) 
then (j74l) is an equivalence of braided fusion categories. 

Proof. We will derive the statements of the lemma from the corresponding results 
about equivariantizations. Namely, let C be a fusion category with an action of a 
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group G and let H he 'a normal subgroup of G. The quotient group G/H acts on 
C" and there is an equivalence 

(75) C« = {C"f'" 

of fusion categories over Rep(G'). Clearly, if C is a braided fusion category and the 
action of G respects its braiding then (|75p is an equivalence of braided categories 
over Rep(G). 

Set P = C^, J" = Rep(G'/7?), then PKljrVec = . Taking de-equivariantizations 
of both sides of ((75|) we obtain a G-equivariant equivalence (|74| . □ 

Remark 4.33. In the situation of Lemma [4.321 one gets a canonical G-equivariant 
tensor functor 

(76) * : 2? Vcc ^ 2? Klf Vec 

by composing the tensor functor T) Mjr Vec ^ T) ^ T) Vec with the equiva- 
lence ([71]) . If 2? is a braided fusion category over £ then is braided. 

Proposition 4.34. (i) Let G be a finite group and T) a fusion category over 
the Tannakian category £ :— Rep{G) such that the functor £ ^ V is fully 
faithful. Let Vi d V be a fusion subcategory. Then there is a canonical 
G-equivariant tensor equivalence 

(77) Vi ^-D,n£ Vec {Vi V £) Ms Vec. 

(ii) Suppose that V is a braided fusion category over £ (so both sides of (j77p 
are braided). Then the equivalence (|77p is braided. 

Remarks 4.35. (i) The Tannakian subcategory T>i D £ C £ equals Rep(Gi) 
for some quotient group Gi of G. 
(ii) Recall that {T>i V £) Klg Vec is the notation for the de-equivariantized cat- 
egory {Vi V £)g. Similarly, T>i ^-Dine Vec := (I?i)gi- So G acts on both 
sides of ((77|) (the action on the r.h.s. factors through Gi). 

In the proof below we will be using the notation from Remarks 14.351 

Proof. Define the functor ([77]) to be the composition 

(78) Vi Mv,n£ VecA(I?i V £) Mv,n£ VecA (2?i V £) Vec, 

where <& comes from the embedding 2?i ^ 2?i V f of fusion categories over T>i D £ 
and ^' is the functor ((76l) . Both $ and ^E" are tensor functors, and in the situation of 
(ii) they are braided. Clearly $ is Gi-equivariant and is G-equivariant, so ^ o $ 
is G-equivariant. It remains to prove that Vl/ o $ is an equivalence. 

First consider the easy case where 2?i Plf = Vec. Then we have to show that the 
composition 2?i ^ 2?i V f — >■ (2?i V £) Klg Vec is an equivalence. Since V is over £ 
we have a canonical tensor functor T>i M £ T>i V £ given by the tensor product 
of 2?. It is obviously surjective and it is fully faithful by Lemma 12.121 So it is an 
equivalence and (2?i V £) Ms Vec = (2?i M £) Klf Vec. But 2?i f = 2?p (here we 
consider the trivial action of G on 2?i). So (2?i Kl £) Klf Vec = (2?f )g = 2?i. 

Now consider the general case. Set 2?i := 2?i M-u^^s Vec and £ := £ Knine Vec. 
Then 2?i C]£ = (2?i n£) Klpj^n^ Vec = Vec, so we are in the easy situation considered 
above. Therefore the composition 

(79) 2?i ^ 2?i V£ ^ (2?i V£) Vec 
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is an equivalence. By Proposition I4.30r i). Vi V £ — {T>i V £) ^Vins Vec. Clearly 
I?i V £ is a fusion category over £, so applying Lemma 14.321 to the Tannakian 
subcategory J" Pi n f C f we identify (2?i V £) Vec with (X>i V £) Ms Vec. 
Thus diagram (fTQ]) identifies with diagram ([78l) . So the composition in (f78l) is an 
equivalence. □ 

Corollary 4.36. LetV be a braided fusion category, Vi C V a fusion subcategory, 
and £ d V a Tannakian fusion subcategory equipped with a fiber functor F : £ ^ 
Vec. Let Gp Aut{F), so £ :== RepiGp)- Then 

(i) there is a canonical Gp-equivariant tensor equivalence 

Vi Kp^nf Vec {Vi V £) Vec, 

where Vec and Klu^nf ^ec correspond to the fiber functors F : £ Vec 
and F\x>ir\e '■'DiC] £ ^ Vec, respectively; 
ill) if £ centralizes Vi then this equivalence is braided. 

Proof. V has a structure of fusion category over £: namely, define the braided 

functor £ Z{T>) to be the composition £ ^ T>—>-Z{T>), where $ comes from 
the braided structure on V. So statement (i) immediately follows from Proposi- 
tion |4?3lti). If £ centralizes T>i then I?i V £ is a braided fusion category over £, so 
statement (ii) follows from Proposition 14. 34^ 11). □ 

4.3. Tensor categories T> equipped with a tensor functor Rep(G) — > P. 
Fix a finite group G. By Theorem I4.18f i) , the 2-category of Karoubian tensor 
categories V equipped with a central functor F : Rep(G) — ^ I? is 2-equivalent 
to the 2-category of Karoubian tensor categories C equipped with G-action. The 
equivalence is given by equivariantization and de-equivariantization, i.e., C ~ Vq , 

In this subsection we briefly discuss the situation where F : Rep(G) — > I? is not a 
central functor but merely a tensor functor. Let JCi be the 2-category of Karoubian 
tensor categories T> equipped with a tensor functor F : Rep(G) — >■ T>. Let JC2 be 
the 2-category of Karoubian tensor categories V equipped with a tensor functor 
$ : VecG C. 

Let A denote the regular algebra in Rep(G). If I? G /Ci then A-bimodules in T> 
form a Karoubian tensor category V. It is easy to see that the tensor category of A- 
bimodules in Rep(G) identifies with Vecc , so we get a tensor functor $ : Vecc — > V. 
Thus we have defined a 2-functor /Ci — >■ IC2. 

On the other hand, let B denote the group algebra k[G] viewed as an algebra 
in VecQ. li V E IC2 then i?-bimodules in V form a Karoubian tensor category T>. 
It is easy to see that the tensor category of i?-bimodules in Vecc identifies with 
Rep(G), so we get a tensor functor F : Rep(G) — >■ T>. Thus we have defined a 
2-functor JC2 /Ci. 

Theorem 4.37. These 2-functors /Ci — J- /C2 and IC2 — > /Ci are mutually inverse 
2- equivalences. 

This theorem is proved in jEN04j . In the following remarks we explain the idea 
of the proof. Theorem 14. 371 will not be used in this article. 

Remarks 4.38. (i) If Ri and R2 are Morita-equivalent rings then the cate- 
gory of rings L equipped with a homomorphism Ri ^ L does not depend 
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on i (because it can be interpreted as the category of algebras in the tensor 
category of i?i-bimodules and this tensor category does not depend on i). 

(ii) M. Miiger IMu4J introduced a notion of Morita equivalence for fusion cate- 
goric^ parallel to the classical notion of Morita equivalence for rings (mod- 
ules over rings are replaced by module categories over fusion categories, see 
jMu4| [QT] )- It is known that the fusion categories Rep(G') and Vecc are 
Morita equivalent (this is a reformulation of Theorem I4.4p . There are also 
other examples of Morita equivalent fusion categories (see |E01 IMu41 IMu5| ) . 

(iii) In Theorem 14.371 one can replace Rep(G) and Vecc by any pair of fusion 
categories related by a Morita equivalence. This generalization of The- 
orem 14.371 is proved in |EN04| using essentially the argument from Re- 
mark (i) above. 

Remark 4.39. Let us explain the relation between the de-equivariantization 2- 
functor V i-> Vq from t j4.2.4l and the 2-functor ICi — )■ IC2 from Theorem 14.371 
Suppose that I? is a Karoubian tensor category over Rep(G') (i.e., one has a central 
functor Rep(G) — > V). Let C := Vq be its de-equivariantization (i.e., C is the cate- 
gory of A- modules in V). Then C is equipped with G-action, and it is easy to show 
that the category of A-bimodules in V canonically identifies with the semidirect 
product VecG k C. 

4.4. Braided categories containing Rep(G) and braided G-crossed cate- 
gories. In this subsection we consider only those tensor categories which are fusion. 
However, it is not hard to formulate and prove analogs of the definitions and results 
of i i4.4.1ll4.4.7l for tensor categories which are not necessarily fusion (in the spirit of 
Theorem mm). 

4.4.1. Braided categories containing a symmetric category. 

Definition 4.40. Let £ he a symmetric fusion category. A braided fusion category 
containing £ is a braided fusion category V equipped with a fully faithful braided 
functor £ v. 

4.4.2. Main principle. Let G be a finite group. Theorem I4.18f ii) describes those 
braided fusion categories V containing Rep(G) which satisfy the additional property 
Rep(G) C V; namely, it says that such V is essentially the same as a braided 
fusion category with a braided G-action. A. Kirillov, Jr. and M. Miiger }Ki| IMu3] 
discovered a similar description of arbitrary braided fusion categories V containing 
Rep(G). Their main principle says that the datum of a braided fusion category V 
containing Rep{G) is equivalent to the datum of a braided G-crossed category C. 
The latter notion (due to V. Turaev |Tlj ) is recalled in §4.4.31 below. The above 
two types of data are related via the mutually inverse equivariantization and de- 
equivariantization constructions, which are described in i j4.4.4l and ^14.4.71 below. 
For a precise statement see Theorem 14.441 below. 

4.4.3. Braided G-crossed fusion categories. 

Definition 4.41. A braided G-crossed fusion category is a fusion category C equipped 
with the following structures: 
(i) an action of G on C; 



In this situation Miiger used the name "weak monoidal Morita equivalence" . 
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(ii) a (not necessarily faithful) grading C = Cg ; 

see 

(iii) isomorphisms 

(80) cx,Y -.X^Y ^ g{Y)®X, g e G, X e Cg, Y e C, 
which are called the G-braiding isomorphsims. 

These data should satisfy the following conditions: 

(a) g{Ch) C Cghg-i for all g,heG] 

(b) the isomorphisms cx,y are functorial in X and Y; 

(c) the isomorphisms cx,y are compatible with G-action, i.e., 

(81) licx^y) = c^(x),7(Y), 7 G G; 

(d) the following diagrams commute for all g, h ^ G, X £ Cg, and Y e Ch- 

(82) X(»Y(»Z , g{Y(g)Z)(g)X 

Cx,Y&dz II 
. X idgfi-jlgicx.z , ^ , , 

g{Y) (g)X(g)Z — ^ g{Y) (g) g{Z) (g) X 

(83) X(»Yg)Z "-^^^ ^ gh(Z) (E)X(E)Y 

X(g)h{Z)(g)Y 

Remarks 4.42. (i) A braided G-crossed fusion category concentrated in de- 
gree 1 G G (i.e., such that Cg — for g ^ 1) is the same as a braided fusion 
category with a braided G-action. 

(ii) According to Proposition 14.611 below, a pointed fusion category C with 
0{C) = G has a natural structure of braided G-crossed fusion category. 

(iii) In i jE.5.21 we introduce the notion of a braided G-crossed category A in 
the setting of abstract (rather than linear) monoidal categories, and in 
i]E.5.3l we explain how to construct examples of such categories in which 
all objects and morphisms are invertible. Let A be such a category. If the 
automorphism group of the unit object of A equals and both G and 
the group of isomorphism classes of objects of A are finite then the fc-linear 
hull of ^ is a braided G-crossed fusion category. (Here "linear hull" means 
the category of all contravaraint functors F : A ^ Vec such that for every 
object X G A each X E = Aut(Ar) acts on F{X) e Vec as multiplication 
by A.) 

(iv) If C is a braided G-crossed fusion category and H C G is a normal subgroup 
then has a natural structure of braided (G/ff)-crossed fusion category 
(in §4.4.41 below we define this structure in the case H = G, and the general 
definition is similar). E.g., Vecc is a braided G-crossed fusion category by 
Remark (ii) above, so (Vecc)^ is a braided (G/i/)-crossed fusion category. 

4.4.4. Equivariantization. Let C be a braided G-crossed fusion category. In par- 
ticular, C is a fusion category with G-action, so by Theorem I4.18r iii). applying 
the equivariantization construction from §4.2.21 one gets a fusion category C'~^ over 
Rep(G). Now we will define a braided structure on . 
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li X e Cg and Y e define a C-isomorphism cx,y : X (E)Y F X to be 

the composition X <^Y — — -> g{Y) (g) X ^> Y <Si X, where Ug conies from the 
structure of equivariant object on Y. Extend cx.y to all objects X e C by linearity. 
It follows from (|8T|) that if X has a structure of G-equivariant object then cx,y 
respects the equivariant structures. So for X,Y £ C'^ we get a C'^-isomorphism 
cx,Y : X ®Y Y ® X . It is functorial in X, F G C'^ . To show that c is a braiding 
on the fusion category C« it remains to check the two hexagon axioms. They follow 
from the commutativity of (15^ and ([55)1 . It is easy to check that c restricts to the 
standard symmetric braiding on Rep(G') — Vec*^ C C*^. So C*^ is a braided fusion 
category containing Rep(G). 

Remarks 4.43. (i) The isomorphisms cx,y : X ®Y F (g) X for F e , 
X £ C define a braided functor -2(C) whose composition with the 

forgetful functor Z{C) — C equals the forgetful functor C*^ ^ C In other 
words, the forgetful functor C has a canonical structure of central 

functor in the sense of Definition 14.151 
(ii) Restricting the above central functor C to Rep(G) — Vec*^ C 

we get a central functor $ : Rep(G) — > C. As a tensor functor, $ is 
just the composition of the forgetful functor Rep(G) — >■ Vec and the em- 
bedding Vec ^ C. But the structure of central functor on $ is more 
interesting because it encodes the G- grading of C. Namely, ii X £ Cg and 
p : G ^ KniV is a finite-dimensional representation then the isomorphism 
X ® <^{V, p) <^{V, p) ® X equals the composition 

(84) x®V^^^^^X®V^V®X. 

4.4.5. Main Theorem. Let JCi denote the 2-category of braided G-crossed fusion 
categories. Let JC2 denote the 2-category of braided fusion categories containing 
8 := Rep(G). In ^14.4.41 we constructed a 2-functor ICi — > IC2, namely C i-> C*^. 

Theorem 4.44. This 2-functor JCi — > /C2 *s a 2- equivalence. 

The proof of the theorem is given in tj4.4.6l below. A different proof was given by 
A. Kirillov, Jr. and M. Miiger [Kil IMuS] : their description of the inverse 2-functor 
K,2 — >■ /Ci is given in ! j4.4.7l below. Neither proof is transparent enough. One could 
try to find a transparent proof using Theorem 14.371 and Remark 14.391 

4.4.6. Proof of Theorem \4.44\ To construct the inverse 2-functor IC2 ^ A^i, we will 
first define a new 2-category IC3 . 

Definition 4.45. An object of IC3 is a semisimple rigid tensor category A (in the 
sense of t ^4. 1.111 and ijl.ip equipped with the following structures: 

(i) an action of G x G on .4; 

(ii) a (G X G)-equivariant decomposition 

(85) ^ = ^Eg 

geG 

of the unit object of A into a sum of simple objects (here G x G acts on G 
by two-sided translations, i.e., (51,52) £ G x G takes g € G to 91992^)] 
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(iii) a (G X G)-equivariant relative braiding between the forgetful tensor functors 
Fi : A'^^^'^^ — ?► A and F2 : A^'^^ '''^ ^ A; by a relative braiding we mean a 
functorial collection of isomorphisms 

(86) cx,Y ■.Fi{X)®F2{Y)^ F2{Y)®Fx{X), X e F G yt^^^^^, 

satisfying the compatibility axioms analogous to the hexagon axioms of a 
braided category. 

One defines 1-morphisms and 2-morphisms in /C3 in the obvious way. 

Remarks 4.46. (i) By |Kass[ Proposition XI.2.4], the ring End(l) is commu- 
tative, so Hom(_Egj, £'32) = for ^ 92- One also has Eg^ (g) Eg^ = for 
51 7^ 92 (this follows from the equality A ® idi = idi ® A, A € End(l), 
see loc. cit.). So the isomorphism 1 (g) 1 1 induces isomorphisms 

Eg®Eg^Eg,geG. 
(ii) Let Sh{G) denote the tensor category of sheaves of finite-dimensional k- 
vector spaces on G. By the previous remark, the decomposition (j85p defines 
a fully faithful tensor functor 

(87) Sh{G)'^A, F^ ^{Fg®Eg). 

geG 

We will construct the inverse 2-functor /C2 — > /Ci as a composition IC2 — — >■ /C3 
/Ci. The following lemma yields a 2-functor IC3 — > /C2- 

Lemma 4.47. Let A e JC3. Then 

(i) the tensor category A'^^'^ is fusion; 

(ii) the relative braiding on A induces a braiding on A'~^^'~^ ; 

(iii) the functor (j87p induces a fully faithful braided functor 

(88) Rep{G) ^ Sh{Gf^ ^ A^^^^. 

Remark 4.48. In (iii) we used the equivalence Sh{G)'~^^'~^ Rep(G), F Fe, 
where e € G is the unit. 

Proof, (ii) and (iii) arc clear. It is also clear that A'^'^'^ is a rigid tensor category. 
By Proposition 14.121 it is semisimple. By (iii) , the ring of endomorphisms of the 
unit object of A'~^^'~^ equals k, so A'~^^'~^ is fusion. □ 

Remark 4.49. Let V := The embedding Rep(G) ^ V from §^ yields 

a braided functor Rep(G) Kl Rep(G) ^ V ^ 'D°p. Combining it with the braided 
functor VMV°P ^ Z{V) from one gets a functor Rep(G) M Rep(G) 

Z{T>). It is straightforward to check that this functor equals the braided functor 
Rep(G X G) — >■ Z{T>) that comes from the fact that V is the category of (G x G)- 
equivariant objects. 

Lemma 4.50. The 2-functor K,^ — > IC2 constructed in Lemma \4-.4T\ is a 2- equivalence. 

Proof. We will construct the inverse 2-functor. Let I? be a braided fusion cate- 
gory containing £ := Rep(G). One has a braided functor T> Kl I?°p — Z{T>) (see 
Proposition l3.7t iii) and Remark l3.8f a)). Composing it with the embedding EMS = 
£ ^ f °P ^ 2? H 2?°P one gets a braided functor £M£ ^ Z{V). So 2? is a fusion 
category over £ M£ — Rep(G x G). Let A := VcxG be its de-equivariantization 
in the sense of ^ 34. 21 Since A contains £gxg = Sh{G) we conclude that A has 
structures (i) and (ii) from Definition 14.451 
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To construct the relative braiding, we will use the following observation due to 
Joyal and Street [JS] : for any tensor categories Bi, B2, B the category of pairs of 
tensor functors Fi : Bi ^ B, i = 1, 2, equipped with a relative braiding between Fi 
and F2 is canonically equivalent to the category of tensor functors BiM B2 ^ B. 
Applying this for Bi ^ B2 = B = V, Fx — F2 — idp we see that the braided 
structure on T) defines a tensor functor 2? K 2? 2?. This is the multiplication 
functor 

(89) M :V^V ^V, X^Y ^ X (x)Y 

with the tensor structure M{{Xi H Yi) «) (X2 K Fa)) ^ M {Xi ^Yi)(E)M {X2 ^ Y2) 
being idxi ,^1 id^a ■ Xii^ X2<S^Yii^Y2 (Ki Yi (81 (8) Y2 (here c denotes 

the braiding on T>). Recall that I? is a fusion category over £ M£. Consider VMI) 
as a fusion category over £ ^£ via the embedding 

(90) £^£ ^ Z{V) K Z{V) = Z{V MV) -.UMV ^ {U, Cjj^_) K {V, c^y). 

Then it is easy to checlfl that the functor ((89|) is a tensor functor over £M£. 
Taking its de-equivariantization we get a tensor functor 

(91) AfGxG : 2?{i}xG K 2?Gx{i} - -4^^^'^ ^ -A^'^^"" ^ 2?gxg = A 

whose restrictions to A^^^^^ and A^^^^'^ are the forgetful tensor functors Fi : 
_^Gx{i} _^ ^ . ^{i}xG _^ Again using the Joyal-Street observation, we 

get a (G X G)-equivariant relative braiding between Fi and F2. □ 

Now we have to construct a 2-functor /C3 — > ICi. We will define it by ^ i-> 
_^Gx{i}^ but to introduce the structure of braided G-crossed category on A'^^^^^ 
we need some lemmas. 

Lemma 4.51. Let A G /C3. 

Sl:32GG 

(ii) If X £ Agi^g2 and Y G ^93,94 i/je^ X F G Ag^^g^ and X y 7^ onZt/ i/ 
92 = 93- 

(iii) is equipped with G-gradings 

(92) ,4 = ^^,4g, Ag := Agx,X 

g£G xeG 

(93) A = ^^A(^g), ■A(^gy.= Ax.xg 

geG xGG 



"^Since "DST) and D are fusion categories over £^£ we have central functors <I>i : £S£ — > DKX' 
and <I>2 : £ Kl £■ X>. Moreover, tlie tensor functors M o $1 : £m£ ^T> and <I>2 : f Kl f ^ D are 
canonically isomorphic (both identify with the tensor functor B 1—^ B). So it remains to 
check that M is compatible with the central structures on 'I>i,<E'2. Explicitly, one has to check 
that for all X,Y G T>, A, B £ £ the following diagram commutes: 

(X ® y) (A (g) B) (A (g) B) (X (g) Y) 



(X (g) A) (g) (y ® B) ^ (A (g X) g) (B (g. Y) 

(here the vertical arrows come from the tensor structure on the functor I I89II and the horizontal 
ones come from the central structures on <l?i, #2)- This is left to the reader. 
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The gradings (I92p and (|93|) are preserved by {1} x G and G x {1}, respec- 
tively. 



Proof. Use Remark 14.461 fi). 



□ 



The next lemma says that the relative braiding defined on equi variant objects 
of ^ e /C3 extends to a "crossed braiding" defined on all objects of A. Notation: 
if e /C3 the result of the action of (ffi, (72) € G x G on an object X E A will be 
denoted by si^Ss"'. 

Lemma 4.52. Let A E IC3. 

(i) There exists a unique functorial collection of isomorphisms 

(94) cx,Y ■■X(E)Y ^Y^'' (E)''''X, X e Ai^g-,, Y E Ah 

such that if X is (G x {l})-equivariant and Y is ({1} x G)-eqmvariant then 
()94|) equals the isomorphism (I86p . 

(ii) The image of cx,y under any {a, f3) EG x G equals Cq^^^-i cys-i • 

(iii) The following diagram commutes for all 51,52, ^ G G, Xi E A(g^), Y E Ah- 



(95) 



Xi®X2®Y 
Xi (g) Y32 



Xi,Y^2 



I (Sid, 



^ 'X2 ^Y92 9l 'Xi®'* 'X2. 



(iv) The following diagram commutes for all g, hi, h2 E G, X E A(^g), Yi E Ahi ■ 



(96) X®Yi®Y2- 

Cx,Yi0idY2 

Yf'(g)''^'X(g)Y^ 



(Yi «) Y2)3 



id 



-1 (»c 1 

"1 AM', 



Yf 



yg 

'-2 



X 



X. 



Proof. We will only construct the isomorphism 

(97) CX,Y -.X^Y^ YS2'91 ^ 933,-^^^ X E Ag,,g2, Y E Ag2, 



92 ,53 



Define X E A^""^^^ and Y E A^^^''^ by X := "X, f := Y^. The A 



aeG peG 
-1 



Si ,93 



components of X i^Y and Y 1^ X equal X iS^Y and Y92 9i ^ 9332 X, respectively. 
So the relative braiding X (E) Y Y (E) X induces an isomorphism X (E) Y 
Y92'gi (g, asg^'x. This is cx.y. □ 



Remark 4.53. In formula ^7} YS2 9i ^ Ag^.g^ and s^g^ X E Ag^.g^, where 54 = 
9392 ^91- Note that 31,52,53,54 form a "parallelogram", i.e., 545r^ = ff352^^ or 
equivalents, 5^^5i = 53^^54- 

Corollary 4.54. If A E IC3 then C := A^''^^'^ is a braided G-crossed fusion cate- 
gory: the G-action on C comes from the ({1} x G)-action on A, the G-grading on 
C comes from the grading (|93p . and the G-braiding on C comes from the isomor- 
phism dHIl). □ 
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Now we can finish the proof of Theorem 14.411 By Corollary 14.541 we have a 
2-functor IC3 K-i , A C := A'^^^^\ It is easy to see that it is a 2-equivalence. 
Recall that our 2-functor ICi — > IC2 takes C to C^, so the composition K.^ JCi — >■ 
K.2 is the 2-functor A 1— > A'^^'^ , which is a 2-equivalence by Lemma [4.501 Therefore 
the 2-functor /Ci — > /C2 is a 2-equivalence. □ 

4.4.7. De-equivariantization. According to Theorem 14.441 the 2-functor /Ci — > IC2 
has an inverse. It will be denoted by 2? 1— > ■ We will give an explicit description 
of the braided G-crossed fusion category . 

Below we use the notation c for the braiding on V and c for the G-braiding on 
Vg to be constructed. As before, A will denote the regular algebra in Rep(G), i.e., 
the algebra of functions on G equipped with the action of G by left translations. 
As an algebra in Rep(G), it carries an action of G, namely, the action by right 
translations. 

Recall that I? is a fusion category over Rep(Gx G) (see the proof of Lemma l4.50l) . 
As a fusion category with G-action, Vg is the de-equivariantization of 2? with re- 
spect to{l}xGcGxG (this follows from ^ 34.2.41 or from the proof of The- 
orem I4.44p . In other words, Vg is the category of lef10 A-modules in T), and 
the tensor product of A-modules is defined using the composition £ = £'°p ^ 
pop ^ ZiV). Explicitly, this means that if M and N are left A- modules in V 
then to define M N one makes M into an yl-bimodule using the isomorphism 
Ca\i : M a A (g) M. The G-action on Vg comes from its action on A. 

It remains to describe the G-grading and the G-braiding on Vg ■ Here is the 
description from [Kil IMu3j . 

Proposition 4.55. (i) A left A-module M belongs to the graded component 
{VG)g, g £ G, if and only if the following diagram commutes: 

cm,aca,m 

A (g) M ^ A (g) M 

g~^®idM 

A<^M ^ M 

Here g^^ denotes the operator A ^ A that takes a function f : G ^ k to 
the function x 1— ?> f(xg^^). 
(ii) If M & (VG)g and N £ Vg then the G-braiding cm,n : M ®a N ^ 
g{N) ®A M is the unique morphism such that the following diagram com- 
mutes: 

M (E)N ^ N(E)M 

M®aN ' ^ g{N) ®A M 

Proof. By Theorem I4.44[ we can assume that V = C*^, where C is a braided G- 
crossed fusion category. In this case we will check (i) and (ii) straightforwardly. 

Let Ind : C — C*^ be the induction functor (|60| . For X^Y £C one has a canonical 
morphism Ind(X) (g Ind(y) — > Ind(X (g F), see (|7T|). The fusion category Vg — 



■^Given a structure of left A-module on M G D one can define a structure of right A-module 
on M using the isomorphism c^^^ : A(g) M — > M ® A. 
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(C'^)g identifies with C so that X ^ C corresponds to the A-module M = Ind {X) 
(viewed as an object of 2? = C^, our A identifies with Ind (Ic), and the A-module 
structure on M is given by the canonical morphism Ind (Ic) ® Ind (X) Ind {X) ). 
Moreover, if F e C and N = Ind(F) € 2? then the usual morphism A-I (E) N ^ 
M ®A N identifies with the canonical morphism lnd{X) (E) Ind(y) — lnd{X (g) Y). 
Now we see that statement (ii) is equivalent to the commutativity of the diagram 

(98) Ind (X) (g, Ind (F) Ind (Y) ® Ind (X) 

Ind {X (g) Y) '"'^^"'"'"'^ ^ Ind {g{Y) (g) X) 

for any X (z Cg,Y (z C. This commutativity immediately follows from the definition 
of the braiding c in (see t ^4.4.4l) . 

The automorphism g^^ : A ^ A from (i) identifies with the automorphism 
(Pg : Ind(l) — ?► Ind(l) that induces for each a G G the "identity map" between 
a(l) C Ind(l) and ag{l) C Ind(l). So to prove (i), we have to check that an 
object Z (z C belongs to Cg if and only if the composition 

(99) Ind(l) ® Ind(Z) ''"''^'■'""'''"'""'''■'""'^'> Ind(l) ® Ind(Z) ^ Ind(Z) 
equals Ug^z, where Ug^z is the composition 

(100) Ind(l) (g) Ind(Z) -^^^ Ind(l) (g) Ind(Z) ^ Ind(Z). 

Since Ug^z Ug',z whenever g ^ g' and Z 7^ 0, it suffices to prove the "only if 
statement, i.e., to show that if Z e Cg then ([99|) equals (jlOOp . To do this, apply 
the commutativity of (|98l) for X = 1, y = Z and for X ^ Z,Y = 1. □ 

4.4.8. Complements. Let G be a finite group and £ :— Rep(G). Let I? be a braided 
fusion category containing £. Its de-equivariantization C := Vg is a braided G- 
crossed fusion category and C'^ = V. Let Ci C C be the trivial component of the 
grading. Recall that Ci is a braided category. 

Proposition 4.56. (i) Ci ^ S'^ ^ £' Vec and £' = Cp. 

(ii) T) is non- degenerate if and only if Ci is non- degenerate and the grading on 
C is faithful. 

(Hi) D' y £ = {C[)^ , where C[ is the centralizer of Ci in Ci. 

(iv) Let H d G be the image of the grading 0{C) — > G. Then H is a normal 
subgroup and V H £ equals Rep{G / H) C Rep{G) — £ . 

Proof Let X e C, X ^ Xg, Xg e Cg. Let Y = {V, p) G Rep(G) = £ c C^. 

Then by the definition from i j4.4.41 cy,xCx,y ■ X(E)Y — X(E)Y is the endomorphism 
oi X g)V whose restriction to Xg (g) V equals idxg <g pid)- By definition, £' consists 
of all X G C'^ such that cy,xCx,y = idx®y for all Y = {V, p) e Rep(G). This 
happens if and only if Xg = for (7 7^ 1. So £' — Cp. This proves the second part 
of (i). The first one follows by Proposition 14.301 (i). 

On the other hand, V H £ consists of all Y = (V, p) G Rep(G) such that 
cy,xCx,y — idxigy for all G-equivariant X. This happens if and only if p{g) = 1 
for all g E H. This proves (iv). 
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For (iii), note that V \l E = £" by Corollary EH] and X>' V f C f '. Thus the 
result follows from (i) and Proposition HTSQ] (iii). 

By (iii), = Vec if and only if 2?' C E. Combining this with (iv) one gets (ii). □ 

Recall the following definition from the introduction. 

Definition 4.57. Let I? be a braided fusion category. We say that a Tannakian 
subcategory f C I? is Lagrangian if £' = £. 

Proposition 4.58. The following properties of a Tannakian subcategory £ <Z T> 
are equivalent: 

(i) £ is Lagrangian; 

(ii) Ci = Vec; 

(iii) C is pointed and \0{Cg)\ < 1 for every g £ G. 

Proof. It is clear from Proposition 14.561 (i) that (i) is equivalent to (ii). It is also 
clear that (iii) implies (ii). 

Finally, assume that (ii) holds. Then X (E) *X e Ci = Vec for every simple 
X eC. On the other hand, dimHom(X(g)*X, 1) = dimHom(X,X) = 1. Therefore 
every simple X d C is invertible, i.e., C is pointed. So 0{C) is a group. By (ii), 
the grading homomorphism 0{C) — )■ G has trivial kernel. So it is injective, i.e., 
\0{Cg)\ < 1 for all g eG. Thus (ii) implies (iii). □ 

The next result is immediate from Propositions 14.581 and 14.561 (ii) . 

Corollary 4.59. The following properties are equivalent: 

(i) T> is non- degenerate and £ gT) is Lagrangian; 

(ii) C is pointed and the grading map 0{C) ^ G is bijective. 

4.4.9. Pointed categories as braided G-crossed categories. 

Remark 4.60. Let Ahe a, monoidal category. Then every invertible object X £ A 
defines a monoidal equivalence 

Adx-.A-^A, Adx{Y) := X (^Y (EX-\ 

If, in addition, A is fc-linear and End(l^) = k then for every invertible object 
X E A the homomorphism k^ — Aut{X) — > Aut(Adx) is trivial. So Adx depend 
(up to unique isomorphism) only on the isomorphism class of X . Thus the group 
of isomorphism classes of invertible objects of X acts on the monoidal category A. 

Now let C be a pointed category and G = 0{C). Then all simple objects of C are 
invertible, so G is a group. According to Remark 14.601 G acts on C by conjugation, 
g !—> Adg. On the other hand, C has a canonical G-grading (namely, the identity 
map 0{C) G). We claim that the G- action and the G-grading can be combined 
together into a structure of braided G-crossed category on C. Here is a precise 
statement. 

Proposition 4.61. (i) The canonical G-grading on C can be upgraded to a 
structure of braided G-crossed category on C. Such an upgrade is unique up 
to unique isomorphism. 

(ii) The corresponding action of G on C is the action by conjugation. 

(iii) The braided fusion category corresponding to the braided G-crossed cat- 
egory C canonically identifies with the center Z{C). More precisely, the 
braided functor C'^ — > Z{C) from Remark \4.43\ i) is an equivalence. 



56 VLADIMIR DRINFELD, SHLOMO GELAKI, DMITRI NIKSHYCH, AND VICTOR OSTRIK 

Remark 4.62. In (i) the words "to upgrade" mean "to define an action of G on C 
and a functorial collection of isomorphisms (j80| satisfying properties (a)-(d) from 
Definition 14.411 All such "upgrades" form a groupoid: an action is a monoidal 
functor G — ?■ {tensor functors C — t- C}, so there is a notion of isomorphism between 
two actions and therefore a notion of isomorphism between two upgrades. 

Proof. Specifying a functorial collection of isomorphisms ([50)1 for all X E Cg is the 
same as specifying (jSOp for invertible X € Cg. But if X G Cg is invertible then 
(|80| is the same as an isomorphism X (E}Y (E) X^^ gO^)i i-e-, an isomorphism 
(fig : Adg(y) 9{Y) functorial in Y E C. The commutativity of means that 
ipg is an isomorphism of tensor functors for each g E G, and the commutativity of 
()83p means that the collection {</'g}geG is an isomorphism between the two actions 
of G on C, namely, the action g i-^ Adg and the action {g,Y) i-> g{Y). There is 
one and essentially only one way to define an action {g, Y) i— >■ g{Y) and a collection 
of isomorphisms (pg : Adg(y) 90^) with these properties: namely, g{Y) = 
Adg(K), ipg ~ id. By construction, the corresponding collection of isomorphisms 
(|80| satisfies properties (b) and (d) from Definition 14.411 It is easy to check that it 
also satisfies (a) and (c). 

So we have proved (i) and (ii). Statement (iii) is checked straightforwardly by 
comparing ^14. 4. 41 with the definition of Z{C) from O 

Remark 4.63. In the proof of Proposition 14.611 it turned out that properties (a) 
and (c) from Definition 14.411 follow from (b) and (d) . This also happens in the 
situation of Proposition IE. 16l which is a generalization of Proposition 14.611 

4.4.10. Centers of pointed categories and Lagrangian subcategories. Recall that the 
center of any fusion category is a non-degenerate braided fusion category, see Corol- 
lary EH 

Recall that the center of any fusion category is a non-degenerate braided fusion 
category, see Corollarv 13.91 

Theorem 4.64. A non- degenerate braided fusion category T) is braided equivalent 
to the center of some pointed fusion category if and only ifD contains a Lagrangian 
subcategory. 

We will formulate and prove a more precise statement (see Theorem 14.661) . But 
first, note that the "only if part of Theorem 14.641 is an immediate consequence of 
the following remark. 

Remark 4.65. Let C be a pointed fusion category. By Corollarv 13.91 its center 
Z{C) is a non-degenerate braided fusion category. Set £ := 7r^^(Vec) C Z{C), 
where tt : Z(C) C is the forgetful functor and Vec C C is the fusion subcategory 
generated by Ic. Then £ C Z(C) is Tannakian and Trjg : £ Vec is a fiber 
functor (in fact, if C = Vec^ then £ ~ Rcp(G) and Trjg is the forgetful functor 
Rep(G) — ^ Vec). Moreover, £ is Lagrangian. Since £ C £' this can be proved 
by showing that dim(f ')=dim(£). We have dim(f ) = dim(C). By ^ and 
dim(f ) • dim(£:') = dim(Z(C)) = dim(C)2. So dim(f ')=dim(£). 

Now let *p be the 2-groupoid of pointed fusion categories (1-morphsims of *P 
are tensor equivalences and 2-morphisms are isomorphisms between them). Let £ 
be the 2-groupoid of triples {'D,£,F), where I? is a non-degenerate braided fusion 
category, £ C P is a Lagrangian subcategory, and F : £ Vec is a fiber functor. 
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Theorem 4.66. The 2-functor^ — > £ defined in Remark \4.65\ is a 2- equivalence. 

Proof. Theorem 14.441 and Corollary 14.591 identify C with the 2-groupoid of pairs 
(C,G), where G is a finite group and C is a pointed braided G-crossed category 
such that the grading map ©(C) — > G is an isomorphism. The latter 2-groupoid 
identifies with *p by Proposition 14.611 □ 

Remarks 4.67. (i) A braided fusion category C may have more than one 
Lagrangian subcategory. E.g., if C is the pointed braided category C{G,q) 
corresponding to a metric group (G, q) then Lagrangian subcategories of 
C(G, q) bijectively correspond to Lagrangian subgroups of G . 
(ii) Combining the previous remark with Theorem 14.661 we see that a braided 
fusion category may have more than one representation as Z{YecQ). Given 
two pairs (G, to) and {G',U!') it is natural to ask how to describe all braided 
equivalences between Z(VecQ) and Z(VecQ,) in group-theoretical terms. 
An answer to this question is given in |NN) . 



5. The core of a braided fusion category 

5.1. Warm-up: the core of a pre-metric Lie coalgebra. As explained in 
t jl.5.2[ non-degenerate braided categories are "quantum" analogs of pre-metric Lie 
coalgebras. Let us define the notion of the core of a pre-metric Lie coalgebra C. 

Let = G* be the Lie algebra dual to C. For each isotropic Lie subcoalgebra a C 
C we have the pre-metric Lie coalgebra Ca ■= a-^/a. Moreover, Ca is a pre-metric 
Lie g-coalgebra, i.e., the coadjoint action of g on G gives rise to a homomorphism 

(101) g^Der„.(G„), 

where Derm(Gn) is the Lie algebra of derivations of Ca preserving the inner product 
(here by a derivation of Ca we mean its linear endomorphism dual to a derivation 

ofg). 

An isotropic Lie subcoalgebra a C G is said to be maximal if it is not contained 
in any other isotropic Lie subcoalgebra. In this case a contains the kernel of the 
bilinear form on G, so Ca is a metric Lie coalgebra. 

Lemma 5.1. An isotropic Lie subcoalgebra a d C is maximal if and only if the 
pre-metric Lie coalgebra Ca has no nonzero isotropic Lie subcoalgebras stable with 
respect to the action (|101[) of q. □ 

Lemma 5.2. // 01,02 C G are maximal isotropic Lie subcoalgebras then Cai and 
Ca2 CLfs isomorphic as metric Lie Q-coalgebras. 

Proof. We win show that both Ca^ and Go^ are isomorphic to [a^ n a^)/(ai n 02). 
Let us do this for Ca^ ■ 

We have an obvious homomorphism {af^ n a2^)/(ai n 02) — > a;j'-/ai = Ca^- To 
prove that it is an isomorphism we have to show that 

(102) ai n C a2, 

(103) (ojL na^) + ai = Oj^. 

(jl02p holds because otherwise a2 + (oi n a^) would be an isotropic Lie subcoalgebra 
bigger than a2. By the modular law, (af n a^) + ai = n (a^ -I- ai). So to prove 
(jl02|) it suffices to show that + ai D a^. This is equivalent to the inclusion 
02 n aj'" C ai, which is similar to ()102p . □ 
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Definition 5.3. The core of C is "the" metric Lie g-coalgebra Ca, where a C C is 
a maximal isotropic Lie subcoalgebra. 

Remark 5.4. We put "the" in quotation marks for the fohowing reason. The proof 
of Lemma [5.21 provides a concrete isomorphism /12 : flj^/ai ^ a^/a2. But it may 
happen that given an isotropic Lie subcoalgebra as C C one has /13 7^ /23 o fi2 
(this happens already if q is abelian). 

5.2. Plan of this section. The goal is to define the notion of core of a braided 
category C. The role of isotropic Lie subcolagebras will be played by Tannakian 
subcategories E <Z C. To a maximal Tannakian subcategory £ <Z C we will associate 
in ^bA\ a braided category Core£(C) using the de-equivariantization construction 
from t ^4.2.4j|¥r2.5l To show that the equivalence class of Core£:(C) does not depend 
on £ we need an analog of the modular law used in the proof of Lemma 15.21 We 
prove it in i j5.3l 

Remark 5.5. In the situation of §5.11 the metric Lie coalgebra Ca is equipped 
with a homomorphism (I101[) . Let \)a denote the image of the corresponding ho- 
momorphism g — > Derm(Ca)/Int(Ca), where Int(Ca) C Der^ (Ca) is the ideal of 
internal derivations. In the setting of braided category we will define an analog 
of f)a. Namely, the group of isomorphism classes of braided autoequivalences of 
Core£(C) will be equipped with a certain subgroup Fg, which is analogous to 

A "quantum" analogue of Lemma l5.1l is established in i j5.5l It leads to the study 
of weakly anisotropic braided categories (see Definition I5.16P in i j5.5ll5.6l Such 
categories are analogs of metric Lie coalgebras without non-trivial isotropic Lie 
subcoalgebras stable under all metric-preserving derivations. 

5.3. The lattice of fusion subcategories. Let L{C) denote the lattice of fusion 
subcategories of a fusion category C. For any two subcategories A and B their meet 
is their intersection and their join is the category A\/ B. 

Lemma 5.6. Let C he a fusion category such that 

(104) X®Y -^Yf^X for X,Y (^0{C). 
Then the lattice L{C) is modular, i.e., 

(105) AC^{B\/V) = {AC^B)\/Vfor all A,B,V e L{C) such that V C A. 

Proof The inclusion An {B W V) D {An B)\/ V is obvious. Let us prove that 
AnlB V V) C {An B) W v. Property (fTUi)) implies that a simple object X € C is 
in S V I? if and only if there exist simple objects B E B and D £ T> such that X is 
contained in B ® D. Now let X be a simple object oi An{B\/ V) and let B and 
D be as above. Then B is contained ix\ X ® D* . But X E A and D E T) C A, so 
Be A. Therefore B E AnB, B®D E {AnB)yV, and finally X E {AnB)yV. □ 

Remark 5.7. (i) It is easy to see that for fusion categories (I104[) is equivalent 
to the commutativity of the Grothendieck ring Kq{C). 
(ii) When C = Rep(G') is the representation category of a finite group G, 
Lemma 15.61 gives a well-known property of the lattice of normal subgroups 
of G. 

5.4. Maiximal Tannakian subcategories and the core. 



ON BRAIDED FUSION CATEGORIES I 



59 



5.4.1. Formulation of the theorem. Let f be a Tannakian subcategory of a braided 
fusion category C and let F : £ Vec be a fiber functor. By §4.2.4ll4?275l in this 
situation we have the fiber category £' Ms Vec, which is a braided fusion category 
equipped with an action of the group Gp '■= Aut(i^), i.e., one has a monoidal 
functor Gf ^ Aut^^g' Kg Vec). 

In particular, we have a homomorphism 



Aut'"^(£' Ms Vec). Let r£,F be the image of ([TUS)) . 

We say that a Tannakian subcategory £ G C is maximal if it is not contained in 
any other Tannakian subcategory of C. 

Definition 5.8. Let C,£ be as above and suppose that the Tannakian category £ 
is maximal. The pair {£' Klg YeCjTs^p) is called the core of C corresponding to £ 
and denoted by Core£^F(C). 

In ^ 35.4.21 we will prove the following theorem. 

Theorem 5.9. Let C be a braided fusion category and let £i, £2 be maximal Tan- 
nakian subcategories of C with fiber functors Fi : £1 ^ Vec and F2 '■ £2 ^ Vec. 
Then 



The precise meaning of (|107p is as follows: let £[ Klg^ Vec and £'2 Kl^^ Vec be the 
fiber categories corresponding to the fiber functors Fi and F2, then there exists a 
braided tensor equivalence H : £[ ^ Vec £'2 Vec such that the corresponding 
group isomorphism iJ, : Aut'"'(£{ Klf^ Vec) ^ Aut'"'(£2 ^£2 Vec) maps Ts^^p^ onto 
Tfa, Fa- 
Theorem [5]9] shows that the equivalence class of Core£^i?(C) is, in fact, indepen- 
dent of the choice of a maximal Tannakian subcategory £ G C. Thus, we can call 
it "the" core of the category C (the reason for using quotation marks was explained 
in Remark [O)) . "The" core of C will be denoted by Core(C). 

Remark 5.10. Let C be a braided fusion category and let £ — Rep(G') be a 
Tannakian subcategory in C. Recall that the de-equivariantized category Cq has 
a structure of braided G-crossed category, see ^4.41 We know from Proposition 
14.561 (i) that the fiber category £' Klg Vec identifies with the trivial component 
(Cg)i of the grading on Cg- Moreover, it is clear that the action of G on £' Ms Vec 
identifies with the G-action on (Cg)i coming from the structure of braided G-crossed 
category. In particular, if the Tannakian subcategory £ = Rep(G) C C is maximal 
then Cores, f{C) can be expressed in terms of the braided G-crossed category Cq- 

5.4.2. Proof of Theorem \5.9[ We will prove the following statement, which is stronger 
than Theorem 15.91 

Theorem 5.11. LetC be a braided fusion category and let£i,£2 G C be Tannakian 
subcategories equipped with fiber functors Fi : £1 — Vec and F2 : £2 — > Vec. Suppose 
that £1 and £2 are maximal among Tannakian subcategories of £\\l £2. Then there 
exists a braided tensor equivalence 




(107) 



Gore£j^Fi(C) ~ Cores2,F2{C)- 



(108) 
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such that the the corresponding group isomorphism 

(109) : Aui"\E[ Ycc) A Aut (E'^ Sf, Yec) 
mapsV^^^p^ ontoVs^^p^. 

To construct the equivalence (jlOSp , we choose a fiber functor F : £i n £2 — > Vec 
and isomorphisms between F\\c^r\e-i £\^S2 Vec, i^2|£in£2 : £1 H f 2 Vec, 
and F. Then we get epimorphisms Gp. Aut(_Fi) Aut(i^) —: Gp, i — 1,2. 
The remaining part of the construction is canonical. We will identify the pairs 
{£■ Vec,r£,,Fi), i = 1,2, with the pair 

(110) ((^( nf^) M£,n£2 Vec,r£,n£„F). 

To identify pTO]) with {£{ Yec,T£^^pJ, we will show that 

(111) (£:( n£^)n£:i ==£10^2, {£[n£^)y £i = £[. 

By Corollary 14. 36f ii). this will yield a j^i^^-equivariant equivalence 

{£[ n £^) m£,n£2 Vec ^ 5( Vec 
and therefore an equivalence between the pair {£[ Vec, Fg^ and the pair 

It remains to prove (|llll) . Clearly (£( n £2) ^1 '^1 — £1 ri £2 and by Lemma 
{£[ n £2) V f 1 = (^2 V 6"!) n Now use the following lemma. 

Lemma 5.12. If£i,£2 C C are maximal among Tannakian subcategories of £i\/ £2 
then 

(112) £[r\£2 = £ir\£2 = £in£2, 

(113) £iW£2^£[y£2^£[y£'2. 

Proof. The fusion subcategory {£[ n £2) V f 1 is a Tannakian subcategory of £1 V £2 
containing £1, so it equals £1. This means that f{ n£^2 C £1, i.e., £{0^2 = n£2. 
Similarly, fi n = fi n £"2. Finally, pT^ follows from (ITT^ and the double 
centralizer theorem (Theorem 13. lOf ii) ) . □ 

So we have proved Theorem 15. Ill 

Remark 5.13. Suppose that in the situation of Theorem 15.111 one has a fusion 
subcategory C C C containing £1 V £2- Set £^ := £[ n C. Let T£.^p. denote the 
image of the homomorphism Gp ^ Kva!''^ {£[ Kg. Vec). It is easy to see that the 
equivalence (jlOSp constructed in the proof of Theorem 15.111 induces an equivalence 
H : £[ Klgj Vec ^ £2 ^£2 Vec. Moreover, the corresponding group isomorphism 
iJ, : Aut'"'(£^( Kg, Vec) ^ Aut^''(f^ Kg, Vec) maps fg^^Fi onto f £,,_f,, and one has 
a canonical commutative diagram 

(114) rg^.Fi — -F£,.f, 



92 



^Si.Fi ^ ^£2,F2 



This is because Fg.^i?. equals the image of F£,,j., c Au&{£l Kg, Vec,f,,' Kg, Vec) 
under the homomorphsim Aut'"^(£- Kg. Vec,£| Kg, Vec) ^ Aut'"'(f ■ Kg, Vec). Here 



ON BRAIDED FUSION CATEGORIES I 



61 



group of isomorphism classes 
of braided autoequivalences of £■ Vec preserving Kl^. Vec c £1 Klg. Vec. 

5.4.3. A generalization of Theorem \ 5.9[ Fix a subcategory C° of a braided fusion 
category C. Assume that the subcategories £i, £i in Theorem 15.91 are maximal 
among Tannakian subcategories of C'^. Let F^^ C Aut'"^(£{ Vec), F^^ C 
Aut '""(£2 ^£2 Vec) denote the images of the groups Gp^, Gp-^- Then 

(115) {£[ «£, Vec, FO^^^J - Vec, F^,,pJ, 

where the meaning of = is the same as in (|107p . The proof given in i j5. 4. 21 carries 
over without changes. Let 

: Aut'"'(f( Ms, Vec) ^ Aut'"'(£^ S^, Vec) 

denote the corresponding group isomorphism. 

Furthermore, by Proposition 14. SOf i) the subcategory {£[ nC°) M£. Vec is stable 
under the action of Gp^, i — 1,2, and hence the restriction of the action of Gp. 
yields a group homomorphism di : F^. p, — ^ Ff.^i?'. , i = 1, 2, such that the diagram 

(116) n,.F, — - — ^n.,F. 

F 







Hi 




.Ft 




9i 






r£, 




H, 



is commutative. 

5.5. Properties of the core. 

5.5.1. Nondegeneracy criterion. 

Proposition 5.14. The core of a braided fusion category C is non- degenerate if 
and only if C is Tannakian. 

Proof. By definition, Core(C) — £' Vec, where 5 C C is a maximal Tannakian 
subcategory. By Corollary 14. 31f i). £' Vec is non-degenerate if and only if £" = 
£. By Corollary [3111 £" = f if and only if £ D C, i.e., if and only if C is 
Tannakian. □ 

Corollary 5.15. The core of a non- degenerate braided fusion category is non- 
degenerate. □ 

5.5.2. The core is weakly anisotropic. 

Definition 5.16. A braided fusion category T) is said to be anisotropic if it has no 
Tannakian subcategories different from Vec. We say that T) is weakly anisotropic if 
it has no Tannakian subcategories different from Vec and stable under all braided 
autoequivalences of T). 

Remark 5.17. In ^ 35.6.11 we will see that the class of weakly anisotropic braided 
fusion categories is bigger but not much bigger than the class of anisotropic ones. 

Let C be a braided fusion category and f C C a Tannakian subcategory with 
a fiber functor F : £ Vec. Recall that Gp :— AutF acts on the fiber category 
£' Kl£ Vec, the image of Gp in the group Aut'"'(f ' Mg Vec) is denoted by F£_f, and 
if £ is maximal then the pair {£' Ms Vec,F£^i?) is called the core of £. The next 
statement is similar to Lemma l5. II 
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Proposition 5.18. A Tannakian subcategory £ <Z C is maximal if and only if 
£' Vec has no T£,F-stahle Tannakian subcategories different from Vec. □ 

Proof Use Corollary llSHiii) . □ 

Corollary 5.19. The core of any braided fusion category is weakly anisotropic as 
a braided fusion category. □ 

Example 5.20. Let I be an Ising fusion category (see Appendix IbI) . Then the 
core of the center Z{I) is not anisotropic, see Lemma TO. 251 

Remark 5.21. Let C be a braided fusion category and let Core(C) denote its core 
viewed just as a braided fusion category (we forget the subgroup of Aut^''(Core(C)). 
If Core(C) is not anisotropic (as in Example I5.20p then Core(Core(C)) 9^ Core(C). 
However Theorem I 5.241 and Remark l5.25f ii) below show that if C is weakly anisotropic 
then Core(Core(C)) ~ Core(C). Combining this with Corollary 15.191 we see that if 
C is any braided fusion category then Core(Core(Core(C))) ~ Core(Core(C)). 

5.6. Why the notion of weak anisotropy is reasonable. 

5.6.1. Relation between anisotropy and weak anisotropy. 

Definition 5.22. A pre-metric group {G,q) is said to be weakly anisotropic if it 
has no nonzero isotropic subgroups stable under Aut(G', q). 

The pointed braided category C(G, q) corresponding to a pre-metric group (G, q) 
is (weakly) anisotropic if and only if (G, q) is. 

Example 5.23. Let G be a finite-dimensional vector space over ¥p and let Q : G — >■ 
Fp be any non-degenerate quadratic form. Define q : G ^ k^ by q{x) :— 
where C ^ k is a, primitive p-th root of 1. Then it is easy to prove that {G,q) is 
weakly anisotropic. We prove this in Appendix A (see Lemmas IA.26I and IA.29p . 
In fact, if |G| 7^ 4, 9 then the representation of Aut(G, q) in G is irreducible, which 
clearly implies that (G, q) is weakly anisotropic. 

Theorem 5.24. A braided fusion category V is weakly anisotropic if and only if it 
can be represented as C(V (B V* , q) MVi, where Vi is anisotropic, V is a direct sum 
of finitely many cyclic groups of prime orders, q : V O V* ^ k^ is the standard 
quadratic form, and C{V (B V*,q) is the pointed braided category corresponding to 
the metric group (V © V* , q). 

The proof will be given in a subsequent article. If V is pointed Theorem 15.241 
amounts to a theorem on weakly anisotropic pre-metric groups, which will be proved 
in §A.6I (see Lemma [A. 231 and Theorem IA.24|) . 

Remarks 5.25. (i) The tensor product decomposition mentioned in Theo- 
rem [5211 is usually not unique. 

(ii) In the situation of Theorem 15 . 241 the core of V equals (I?i, {1}), where {1} 
denotes the trivial subgroup of Aut'"'(X>i). Therefore the braided equiva- 
lence class of 2?i is uniquely determined by V. The isomorphism class of 
V is also uniquely determined by V (because it is uniquely determined by 
\V\ and \V\^ = FPdim(I?)/FPdim(I?i)). 

(iii) Combining Theorem 15.241 with the classification of anisotropic pre-metric 
groups from ^A.l\ i lA.3| and i 3A.5l of Appendix A one gets a complete clas- 
sification of pointed weakly anisotropic braided fusion categories. 
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5.6.2. The 3 types of weakly anisotropic braided fusion categories. The goal of this 
subsection is to define and motivate the adjective "ordinary" , which appears in 
Theorem 15.331 below. 

Lemma 5.26. Let C he a weekly anisotropic braided fusion category and Ci G C 
a fusion subcategory stable under all braided equivalences of C . Then Ci is weakly 
anisotropic. □ 

Lemma 5.27. A weakly anisotropic symmetric fusion category C is braided equiv- 
alent to Vec or to s Vec. 

Proof. By Deligne's theorem (see i i2.12p . C = Rep(G, z) for some finite group G 
and some central element z S G of order 1 or 2. Representations of G on which z 
acts trivially form a Tannakian subcategory C C C stable under all braided auto- 
equivalences of C. So C — Vec, i.e., G is generated hy z. □ 

Proposition 5.28. Let C be a weakly anisotropic braided fusion category. Then 

(i) C c Cpt n {CptY; 

(ii) Cpt n {Cpt)' is braided equivalent to Vec or sVec. 

Proof. Both Cpt n {Cpt)' and C are symmetric fusion subcategories of C stable under 
all braided equivalences of C. Now use Lemmas 15.261 and 15.271 □ 

Corollary 5.29. A weakly anisotropic braided fusion category has one of the fol- 
lowing types: 

(117) Cpt n (Cpt)' = C = Vec; 

(118) Cptn{Cpt)' = C' = sVec- 

(119) C = Vec, Cpt n (Cpt)' = s Vec. 

Definition 5.30. A weakly anisotropic braided fusion category C is said to be 
ordinary (or of ordinary type ) if (|117p holds. We say that C has super type if 
pTH]) holds. We say that C has Ising type if pig)) holds. 

Remark 5.31. An Ising braided category (see Appendix [B|) has Ising type. 

5.6.3. The canonical decomposition. 

Definition 5.32. A braided fusion category C is said to be simple if it is not 
pointed, not symmetric, and has no fusion subcategories except C and Vec. 

Theorem 5.33. The following properties of a braided fusion category C are equiv- 
alent: 

(a) C is weakly anisotropic and ordinary; 

(b) there exists a decomposition 

(120) C = Co KCi K . . . K1C„ 

in which Ci, . . . , Cn G C are simple fusion subcategories and Cq is pointed, 
weakly anisotropic, and non- degenerate. 
Ln this case a decomposition (|120p is unique. C is anisotropic if and only if Cq is. 

The proof will be given in a subsequent article. 
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Remarks 5.34. (i) Theorem I5.33l and Reniark l5.25r iii) reduce classifying or- 
dinary weakly anisotropic braided fusion categories to classifying simple 
ones. Many examples of simple braided fusion categories can be constructed 
using quantum groups at roots of unity, 
(ii) Theorem l5.33l lias an analog for weakly anisotropic braided fusion categories 
of super type and hopefully, for those of Ising type. 

6. Gauss sums 

This section is devoted to an exposition of some invariants of braided fusion 
categories which generalize the classical notion of Gauss sums. The Gauss sums 
attached to pre-metric groups are reviewed in i|6.1l In i|6.2l we recall the basic defi- 
nitions and properties of Gauss sums and central charge for pre-modular categories 
following mainly |BKj . In the case of pointed pre-modular categories these Gauss 
sums specialize to the classical Gauss sums from §6.11 

In !j6.3l we prove Theorem 16.161 which relates the Gauss sums of a modular 
category with the Gauss sums of its fiber category. This is one of the main technical 
results in this section. 

The value of Gauss sums depends on two structures on a fusion category: the 
braided structure and the spherical structure. In ^6A\ we restrict ourselves to the 
case of weakly integral braided fusion categories and define Gauss- Frobenius-Perron 
sums for them. These invariants are closely related with Gauss sums from ii6.2l 
but their advantage is that no spherical structure is needed for definition. Gauss- 
Frobenius-Pcrron sums will be used in the proof of Lemma IB. 241 and especially in 
the study of nilpotcnt braided fusion categories. 

6.1. Classical Gauss sums and isotropic subgroups. The Gauss sums of a 
pre-metric group (G, q) are defined by the classical formula 

(121) r±(G,g) = ^ g(a)±i. 

aeG 

Let us recall the basic properties of Gauss sums. Clearly 

T-{G, q)^r+{G, q). 

It is also clear that if (G, q) is the orthogonal direct sum of (Gi, qi) and (G2, 92) 
then r±(G, q) = t±(Gi, gi)r±(G2, 92). 

Let (G, q) be a pre-metric group. A subgroup H d G is said to be isotropic if 
q\H ~ 1. In this case H C H^, where is the orthogonal complement of H with 
respect to the bicharacter b : GxG ^ associated to q. Moreover, the restriction 
of q to is the puUback of a quadratic form q : H-^/H . 

Proposition 6.1. In this situation t^{G, q) = t^{H^ /H, q) ■ \H\. 

Proof. Let g E G. Then lW = ^(f) E h) equals if .g ^ and 

heH heH 

q{g)-\H\iigeH^. □ 

An isotropic subgroup H of a pre-metric group G is said to be Lagrangian if 
= H. 



Corollary 6.2. Let (G, q) be a pre-metric group and H <Z G a Lagrangian sub- 
group. Then t^{G, q) = \H\. □ 
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Corollary 6.3. Let (G, q) be a metric group. Then t^{G, q)T (G, q) — \G\. 

Proof. Consider the orthogonal direct sum of (G, q) and (G, q^^). The diagonally 
embedded GcGxG = G0G is a Lagrangian subgroup. Now apply Corol- 
lary [621 □ 

A pre-metric group is said to be hyperbolic if it has a Lagrangian subgroup. If 
G is a metric group and H C G is a. Lagrangian subgroup then \H\ = |G|^/^, so the 
order of a hyperbolic metric group is a square. 

Corollarv l6.3l implies that if a pre-metric group (G, q) is hyperbolic then (G, q) 
is a positive integer. The following partially converse statement is well known. 

Proposition 6.4. Let (G, q) be a metric group such that t~^{G, q) is a positive 
integer and \G\ is a power of a prime p. Then (G, q) is hyperbolic. 

A proof of the proposition is given in iiA.2l of Appendix A. 

Remarks 6.5. (i) The following example explains why in Proposition 16.41 G 
is required to be a p-group. Take two different primes pi and p2. There 
exist metric groups {Gi,qi) and (G2,92) such that \Gi\ is a power of pi 
and r"'"(Gi, qi) is a negative integer (see Appendix A, Proposition IA.3| . 
Let (G, q) be the orthogonal direct sum of (Gi, qi) and (G2, 92) ■ Then 
r+(G, q) is a positive integer, but since Gi and G2 have no Lagrangian 
subgroups neither does G. 
(ii) Proposition 16.41 remains valid for pre-metric p-groups. This generalization 
easily follows from Proposition 16.41 itself. 

6.2. Gauss sums and central charge in pre-modular categories. Let C be a 

pre-modular category. The Gauss sums of C are defined by 

(122) T±(C)= J2 <^x'd{Xf. 

Example 6.6. Let C be the pointed pre-modular category C{G,q) from i j2. 11.51 
Then 0{C) = G, d{X) = 1 for aU X e 0{C), and 9x = q{X) by So t±(C) 

equals the classical Gauss sum r='=(G, q) defined by (|12ip . 

If C is the general pointed pre-modular category C{G,q,x) from §2.11.61 then 
T±(C) = r±(G, 9), where ^(5) = qig)x{9). 

Below we summarize some basic properties of twists and Gauss sums (see e.g., 
[BKl Section 3.1] for proofs). 

Proposition 6.7. (i) For any pre-modular categories Ci and C2 

(123) r±(CiKC2) =r±(Ci)T±(C2). 

(ii) Each Ox, X e 0{C), is a root of unity j in particular t^(C) G hcyc- 
(Hi) For a modular category C we have 

(124) r+(C)r-(C) = dim(C) and {C) ^T+(C) . 

(iv) For a modular category C the element & k is a root of unity. 

Statements (ii) and (iv) were obtained in the works jAMj by Anderson and Moore 
and by Vafa. 
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Recall that dim(C) is a totally positive element of the maximal cyclotomic sub- 
field kcyc G k. If we fix an embedding kcyc ^ C we can talk about the multiplicative 
central charge 

(125) e(C) = ^1^, 

VdWC) 

where y/dim{C) is the positive square root. One has £,{C)^ = (C) / (C) , so £,{C) 
is a root of unity by Proposition I6.7f iv) . 

Remarks 6.8. (i) If dim(C) is a square of an integer then ^(C) does not de- 
pend on the embedding kcyc ^ C. In particular, this happens if FPdim(C) 
is a square of an integer because in this case dim(C) — FPdim(C) by Propo- 
sition EUJi) . 

(ii) Bakalov and Kirillov [BK] use a different convention: according to |BK[ 
Definition 5.7.9] and |BK| Theorem 5.7.11], their multiplicative central 
charge equals ^(C)^ = t'^ {C) / t~ {C) . As explained in loc. cit., the quantity 
t~^(C)/t~{C) measures the "anomaly" of the modular functor correspond- 
ing to C. 

(iii) If fc = C many authors use the "Virasoro central charge" c G Q/8Z, which 
is related to the multiplicative central charge C by ^ = e''*'^/^. 

Example 6.9. The center Z{C) of any spherical fusion category C is a modu- 
lar category of dimension dim(C)^ (see According to |Mu5[ Theorem 1.2], 
T+(Z(C)) = T^{Z{C)) — dim(C). Since dim(C) G k^cyc is totally positive (see 
i i2.4.2p this implies that the multiplicative central charge of Z{C) corresponding to 
any embedding kcyc ^ C equals 1. 

6.3. The Gauss sums of a fiber category and invariance of the central 
charge. If G is a pre-metric group and C G is an isotropic subgroup then there 
is a simple relation between the Gauss sum of G and that of /H (see Proposition 
16. ip . The goal of this subsection is to prove a similar relation for Gauss sums of pre- 



modular categories (see Theorem 16.161 below). This relation will be crucial in the 
sequel. Recall that the Gauss sums and central charge of a pre-modular category 
were introduced in ^ 36. 21 

The next Lemma is known, see [BK[ Lemma 3.1.5]. We include its proof for the 
reader's convenience. 

Lemma 6.10. Let C be a pre-modular category. Then for any Y € 0{C) we have: 

(126) Oxd{X)sxY^d{Y)0y\+{C). 
xeo{c) 

Proof. Using formula (^5)) we compute 

0xd{X)sxY = Oy' Y ^(^) E NiyOzdiZ) 
xeo(c) xeo(c) zeo(c) 

= (^Y H IE N^Y'd{X)\6zcl{Z) 
zeo{C) \xeo(c) ) 

= Oy'diY) Y Ozd{Zf =d{Y)ey\+{C), 
zeoic) 

as required. □ 
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In the next Proposition we extend the multiphcative property (|123p of Gauss 
sums. 

Proposition 6.11. Let V be a fusion subcategory of a pre-modular category C and 
let T)' be its centralizer in C . Then 

(127) r±(C)r=F(2?) = dini(2?)r±(2?')- 

Proof. Multiplying formula (jl26p in Lemma 16.101 by d{Y) and taking sum over 
Y eO{V) we have: 

t+{C)t-{V) = Sxd(Y)d{X)sxY 
Yeo{v) xeo{c) 

= E ( E sxYd{Y)\ exd{X) 

Y Oxd{Xfdim{V)=dim{V)T+{V'), 

xeo{V'} 

where in the third equality we used Proposition IC . 3l Applying the complex conju- 
gation we obtain the second equality. □ 

Remark 6.12. Our proof of Proposition 16.111 is similar to the proof of Proposi- 
tion IHUl In the case that C is pointed the two proofs are identical. 

Definition 6.13. A fusion subcategory I? of a pre-modular category C is said to 
be isotropic if 9x = idx for all X £ V. 

Remark 6.14. By (|15p . any isotropic subcategory is symmetric. On the other 
hand, if D is symmetric then is a tensor automorphism of idu and 6^ — id, so 
any symmetric subcategory of odd dimension is isotropic. 

Corollary 6.15. Let C be a modular category and let £ be an isotropic subcategory 
ofC. Then t±(£') =t±(C). 

Proof. Take V — £ in <\127^ and observe that t^{£) — dim(£) since £ is isotropic. 

□ 

Now let C be a pre-modular category and let £ C C be isotropic and Tannakian; 
in other words, £ is Tannakian and the spherical structure on C is the standard 
one. Let £' ^£ Vec be the fiber category, i.e., the category of A-modules in £' , 
where A is the regular algebra m £. As explained in ^14.2.4114.2.61 £' Klf Vec is 
a braided fusion category, and the "free module" functor F : £' ^ £' Ms Vec 
defined by F{X) := A (g) X is braided. Moreover, according to [Brl IMuli IKiO) . 
£' Mg Vec has a unique spherical structure such that F is spherical. This means 
that the twists (jjy, Y e 0{£' Ms Vec), agree with the twists 9x,X e 0{C), i.e., 
4>Y = Ox whenever Homc(X, F) ^ 0. Here we abuse notation and view Y as an 
object of C via the forgetful functor. 

Thus £' Ms Vec is a pre-modular category. By Corollary 14.31^ 1). if C is modular 
then so is £' Ms Vec. In this case £' Ms Vec is what Bruguieres [Brj and Miiger 
|Mu2) call the modularization of £' . 
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Let d and d denote the dimension functions in C and S' Klf Vec, respectively. For 
any object X in 8' Kl^ Vec one has 

(128) im = fil 

and, hence, 

(129) dim(rK£Vec) = |||^, 

cf. [KiOl Theorem 3.5], [13 Proposition 3.7] (note that d{A) = dim(£) ^ 0). 

Theorem 6.16. Let C be a pre-modular category and let £ be an isotropic Tan- 
nakian subcategory of C . Then t*(C) = t^(£' Klg Vec) ■ dim(£'). 

Remark 6.17. The theorem imphes that the multiphcative central charges of C 
and £' Mg Vec corresponding to any embedding kcyc ^ C are equal. 

Proof. We compute the Gauss sums of £' Klg Vec: 

dim(£)r± {£' ^£ Vec) = d{A) ^ <l>$^d{Yf = 

YeoiS'meVcc) 

J2 <t>^'d{Y)d{Y) 

VeO(£'Kl£Vcc) 

E E dimfcHom£,(X, y)d(X) J(r) 

VeO(£'Kl£Vcc) \XgO(£') / 

= I E dimfeHom£,(X, y)J(r) I 

XeO(£') \YeO{£meYcc) I 

= Y E dimfeHom£,K,vcc(^®^, 

xeo(£') \veo(£'Ki£Vcc) / 

= Y 0^^d{X)d{F{X))^T^{£')^T^{C\ 

where we used the relation (I128p . the standard adjunction for F, the fact that F is 
compatible with the spherical structures, and Corollarv l6.15l □ 

Corollary 6.18. Let£ d C be an isotropic Tannakian subcategory of a pre-modular 
category C. Then 

(130) ^£ Vec) = e(C), 

i.e., the central charge does not change after passing to the fiber category. 

Proof Note that dim(£' Mg Vec) = dim(C)/ dim(£)2 by equation and The- 

orem [3TTni[i) and combine this with Theorem 16. 161 □ 

6.4. Some invariants of weakly integral non-degenerate braided cate- 
gories. Let C be a weakly integral non-degenerate braided fusion category. We 
will associate to it an element xc G Q>o/ (Q>o)^ ^'^d the "Gauss-Frobenius-Perron 
sums" r±(C) e fc^. 
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6.4.1. The element xc G 

Q>o/(Q>o)^- As usual, let 0{C) denote the set of isomor- 
phism classes of the simple objects of C. Let F C Q>o/ (Q>o)^ image of the 
grading deg : 0{C) Q>o/(Q>o)^ from Proposition [HHiii). Let C™* C C be 
the trivial component of this grading, i.e., the maximal integral subcategory of C. 
Set A (C"^*)'. By definition, C™* D Cad, so A C Cpt by Corollary [S^lTl Since 
Cpt C C™* we see that A C A', i.e., A is symmetric. For every simple a G A the 
braiding Ca^a ■ 0,(8) a a (8) a acts as multiplication by some xi'^) & , and since 
A is symmetric the function 

(131) X : 0{A) ^ fcx 

is a character with values ±1. 

On the other hand, the perfect pairing (1471) provides an isomorphism a ; 0{Cpt) — 
Honi(C/c,fc^), and 0{A) C 0{Cpt) is the preimage of Hom(F,fc^) C Hom(L/c,fc^). 
So the character ()13ip defines an element of F C Q>o/ (Q>o)^' which will be denoted 
by Xc- In other words, a;c G T is defined by the equality 

(132) {a,xc) = x(a) for aU a e 0{A), 

where (, ) is the pairing between 0{A) and F induced by the pairing (|47| . Note that 
since F C Q>o/(Q>o)^ we can consider xc as an element of Q>o/(Q>o)^- Clearly 

(133) xc,m2 = ^Ci ■ xc2- 

Example 6.19. Let C be an Ising braided category (see Appendix [B|) . Then xc 7^ 1. 
To see this, recah that C™* = Cpt = C^d (see EI]). So the subcategory A := (C"'*)' 
equals {Cad)' = Cpt = Cad- By Lemma [B. Ill Cad — sVec, so the character (|13ip is 
nontrivial. Therefore the element € F C Q>o/(Q>o)^ is not equal to 1. In fact, 
F has only one element not equal to 1, namely, the image of 2 e Q>o- 

Proposition 6.20. IJ C is the center of a fusion category then xq ^ 1- 

Proof. Suppose that C is the center of a fusion category M . By Proposition 12.361 
M. is weakly integral. Therefore Proposition I2.18f iii') applies to M., and we get 
a grading deg : 0[M) Q>o/(Q>o)^- Fo'' each grading 5 : 0{M) which 
can be factored as 0{M) —?■ Q>o/('Q>o)^ '^^ ^^^^ following object 

cs e Z{M) = C: as an object of A^, cs equals 1, and for each simple m & M 
the isomorphism m ^ 1 1 (E) m equals S{m). It is easy to see that the fusion 
category A := (C™*)' is generated by the cs's. On the other hand, the braiding 
eg (8) cs cs (8) cs equals 1 for each S. □ 

Now let us assume that C contains a Tannakian subcategory £. The fiber cate- 
gory C = E'MgVec is also weakly integral. Indeed, FPdim(C) is an algebraic integer 
(see tj2.4.ip . and Corollarv \TM and Proposition KW\ imply that FPdim(C) e Q. 
Hence the element x^ e Q>o/(Q>o)^ i^ defined. 

Proposition 6.21. We have xq ~ x^. 

Proof. Let A :— (C™*)' C C. Let % : 0{A) — > k^ have the same meaning as in 
(fmll . Similarly, one has A := (C"*)' and x : 0{A) ^ fc^. Let F : 5' ^ C be 
the canonical braided functor. By Corollary 12.461 ^ C C™*, hence A <Z £' . Since 
F(C"*) = C™* one has F{A) C A. Clearly x(a) = x{F{a)). 

By the definition of x^, there exists an object X g 0{C) such that the image 
of FPdim(X)^ in Q>o/(Q>o)^ equals x^ and the square of the braiding Cj^ a'^aX 
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equals x(a) for any a E 0{A). Let X e 0{C) be a simple object such that F{X) 
contains X as a direct summand. Then the image of FPdim(X)^ in Q>o/('Q>o)^ 
equals and the square of the braiding cx,aCa,x equals x(i^(a)) = x(a) for any 
a € 0{A). By definition, this means that — xc- O 

6.4.2. A formula for the Gauss sum of C. Choose a spherical structure s on C (it 
exists by Corollary I2.24p . Then (C,s) is a modular category, so one can consider 
the Gauss sums 

r±(C,s):= (^x'j.iXf, 
xeo{c) 

where 9x.s is the twist corresponding to s and ds{X) is the quantum dimension. 

For X e Q>o/(Q>o)^ define Ox{C) C 0{C) to be the preimage of x with respect 
to deg : OiC) -> Q^„/(Q$o)'- 

Proposition 6.22. If s is chosen so that ds{X) = 1 for all invertible X C then 
Proof. It suffices to show that 

(134) ^ e%\ds{Xf =0 ioT x^xc. 
xeo^(c) 

By (fTS)) . for each simple a E A and X one has Oa^x /{dadx) ~ Ca,xcx,a, where 
c is the braiding. By the definition of the pairing (|47|) . for each simple a E A one 
has Ca,xcx,a = {o-,degX), so 0a(g)X = Oa ■ Ox ■ (a, degX). Since is a pointed 
pre-modular category in which the quantum dimensions of all simple objects equal 
1 the twists 9a are given by formula (j26p . In other words, 9a — x{a) = x{a)~^, 
where x is the character (|131l) . By (I132p . we get 9a = (a, a;^^) and therefore 
^oigjX = • (a, -deg X). Combining this with the equality (a® X)^ = ds{XY 
we get (UMl)- □ 

6.4.3. The Gauss-Frobenius-Perron sums T^{C). We keep the notation of ^gX^ 
Represent xc G Q>o/(Q>o)^ ^^e class of a square-free positive number nc E 
Let n^^^^ E M denote the positive square root of n^^. By definition, Ox^{C) 

— 1/2 

consists of those X E 0{C) for which the number n^^ FPdim(X) G ffi. is an inte- 
ger. Consider these integers as elements of k and define the Gauss-Frobenius-Perron 
sums T^(C) by 

(135) r±(C)= Yl ("c'^'FPdim(X)).4;,4(X), 
where s is any spherical structure on C. 

Remarks 6.23. (i) It is easy to see that the product 9^^^ds{X) does not 
depend on s, so r=^(C) is well-defined. In fact, 9x\dsiX) = Tr(ux) and 
9x^sds{X) = Tt{{u*^)-^) where ux is defined by (|T^. 
(ii) Choose an embedding ip : k^cyc R- By Corollarv 12.241 C has a unique 
(/3-positive spherical structure s^. One has ds^{X) = (y3^^(FPdim(X)). 
Combining this with Proposition 16.221 we see that 

(136) T^{C)=^-\n-c''^)-T^{C,s^). 
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In particular, if C is integral then T^{C) equals the Gauss sum of C 
equipped with the positive spherical structure, 
(iii) Since t'^{C,s^) £ k^y^ and is cyclotomic formula (|136|) implies that 
T^iC) G k^y^. It also implies that T~iC) = T+{C). Moreover, T^{C) is an 
algebraic integer; this follows from (|135p because the numbers n^"'^^^FPdim(X), 



c 

X.: 



ds{X), and 6"^^ are algebraic integers 



Proposition 6.24. Let C be a weakly integral non- degenerate braided category. 

(i) T-{C) = TnC). 

(ii) IfC Ci then T^{C) = aT^{Ci) ■ T^CCa) for some positive a e Q. 

(iii) If C is the center of a fusion category then T^{C) is a positive integer. 

(iv) if £ d C is a Tannakian subcategory then T^{C) = T^{£' Vec) ■ dim(£). 

Proof. Statements (i) and (ii) follow from (|136p . (|124l) . and (I123p . Let us prove 
(iii). If C is the center of a fusion category then M. is weakly integral, see 
Proposition 12.361 Choose an embedding : k^cyc — >■ K and equip M with the 
93-positive spherical structure. The corresponding spherical structure on C is the 
(^-positive spherical structure s^, so r^(C,s,^) = dimA^ (see Example 16.91) . Since 
M is weakly integral dimA^ is a positive integer. Now use (|136p and note that 
ric = 1 by Proposition l6.20l To prove (iv), use (|136p . Theorem l6.161 and Proposition 

□ 



Example 6.25. By iiB.3[ Ising braided categories are labeled by elements C, & k 
satisfying = — 1; we denote them by I^. We will show that 

(137) r±(ic) = c^'(c' + r'). 

Let us deduce ([T37| from ([T35|) . By Example WM, \i C ^ Iq then nc = 2. By 
Proposition the set C'xc(C) := {Y e 0(C)|FPdim(y)/V2 G Z} has a single 
element X, and FPdim(X) = V2. Therefore T^{C) = e^^^d,{X), where s is any 
spherical structure on C. By i jB.21 these structures are labeled by eG {1,-1}. Ifs 
corresponds to e then Ox,s = eC~^ (see Proposition IB. 20|) and ds{X) — e(C^ + C,^"^) 
(see TO. 21 and formula (UMl)), so we get p?7)) . 

Appendix A. Pre-metric groups and their Gauss sums 

In this appendix we recall basic results on quadratic forms on finite abelian 
groups. With a possible exception of Theorem IA.24[ all of them are well known 
(see, e.g., jWa[ I Wei IMHI IBLLVl IL] ) . but we are unable to attribute them to concrete 
authors. However, we would like to mention that the description of anisotropic 
metric groups given below is a particular case of C.T.C.Wall's classification of all 
metric groups in |Wa[ §6]. 

We will use the definitions and notation from ii tj2.11.1j|2.11.3l and !j6.1l with the 
following exception: the operation in pre-metric groups will be denoted by +. So a 
function q : G — ^ fc^ is a quadratic form if q{~g) — q{g) and the function &((7i, 52) = 
'}(gi)<iia2) ^ bicharacter. These properties imply that q{ng) = q{g)^^ , n G Z. The 
following fact is standard. 

Lemma A.l. // \G\ is odd then any quadratic form q : G ^ k^ can be written as 
q{g) = P{g,g), where j3 : G x G ^ k^ is a bicharacter. □ 
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A.l. Anisotropic metric groups. A quadratic form q : G is said to be 

anisotropic if q{g) ^ 1 for g G G \ {0}. In tliis case we also say tliat tlie pre- 
metric group {G,q) is anisotropic. Remark I2.37f iii) implies that if \G\ is odd then 
an anisotropic quadratic form q : G ^ is non-degenerate. On the other hand, 
the quadratic form q ; Z/2Z defined by q{n) = (—1)" is anisotropic but 

degenerate. 

In this subsection and in SjAjSjwe classify anisotropic metric groups. Degenerate 
anisotropic pre-metric groups will be classified in ^A.5\ 

Proposition A. 2. (i) The norm map Nf ^/f^ ; Fp2 ¥p is an anisotropic non- 
degenerate quadratic form. 

(a) Let V be a vector space over ¥p and q : V ^ ¥p an anisotropic quadratic 
form. Then dim < 2. If dim V ~ 2 then is isomorphic to (¥p2^Nf 2/Fp)- 

This is well known (e.g., see (Se] Ch IV, §1.7]). 

Proposition A. 3. (i) Let p be a prime and (G,q) an anisotropic pre-metric group 
such that q{gY — 1 for all g G G. Then G is a vector space over Fp of dimension 
at most 2. 

(ii) For each prime p there exists a unique up to isomorphism pair (G, q), where 
G is a 2- dimensional vector space over Fp and q is an anisotropic quadratic form 
on G with values in fip :— {x G k^\x^ = 1}. Namely, one can take G — Fp2, 

q{x) = ^^^p^^'p^'^'^ ^ where C, ^ k is a primitive p-th root of 1. Such a pair {G,q) is 
a metric group with t~^{G, q) — —p. 

Proof, (i) If 5 G G then q{pg) = q{gY^ — 1. Since q is anisotropic pG — 0, i.e., G 
is a vector space over Fp. Now use Proposition lA. 21 
(ii) Use Proposition IA.2I and the formula 

To prove this formula note that for each a G Fp there are p -\- 1 elements x G Fp2 
with Nr^^/f^{x) = a, so 

^ c""'.^/^^'^) = 1 + (p + 1) 5: c - 1 - (p + 1) - -p. 

□ 

Lemma A. 4. Let p be an odd prime. 

(i) If n > 2 and (G, q) is a pre-metric group such that p"G = then the 
subgroup p"~^G C G is isotropic. 

(ii) If G is an abelian p- group and the quadratic form q : G ^ k^ is anisotropic 
then pG = 0. 

(iii) If pG = and q : G ^ k^ is a quadratic form then q{gY = 1 for all g ^ G. 
Proof, (i) and (iii) follow from Lemma [A. II Statement (ii) follows from (i). □ 

Remark A. 5. li p = 2 then statements (ii) and (iii) are false; (i) is false if p = 2 
and n = 2. Counterexamples: (i-ii) G = Z/4Z, q{n) = C" , where C is a primitive 
8-th root of 1; (iii) G = Z/2Z, q{n) = i"\ where -1. 
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Now we get a complete list of anisotropic metric p-groups for p ^ 2. Fix a 
primitive p-ih root of unity C. G k. 

Proposition A. 6. Ifp ^ 2 there are 3 isomorphism classes of nonzero anisotropic 
metric p- groups (G,q), namely: 
(i)G = ¥,, qia)=C\ 

(a) G = ¥p, q{a) = C , where c G is a quadratic nonresidue, 

Proof. Combine Lemma lA.4r ii-iii) and Proposition I A. 31 □ 
A complete list of anisotropic metric 2-groups will be given in ijA.3.31 



A. 2. Proof of Proposition [6741 We will prove the following statement. 

Proposition A. 7. Let p be a prime and {G , q) a metric group of order p^^^ , n G N. 
Then t+{G, q) = p"e,, where e ^ ±1 if p ^ 2 and ^ I if p = 2. // e = 1 then G 
has a Lagrangian subgroup. 

Proposition 16.41 follows from Proposition I A. 71 because if T^{G,q) G Z then \G\ = 
{G , q)T^ {G , q) = (T+(G,q))^ is the square of an integer. 

Let us prove Proposition I A. 71 for p ^ 2. By Proposition 16. 1[ it suffices to show 
that if {G,q) is an anisotropic metric group of order p^" then T^{G,q) — ±p" and 
T^{G,q) = only if n = 0. This follows from Propositions IA.3 I and IA.61 

To treat the case p = 2 we need the following lemma. 

Lemma A. 8. Let G be an abelian 2-group. If there exists a symmetric bicharacter 
b : G X G k^ such that the quadratic form b{x,x) is anisotropic then \G\ < 2. 

Proof. Let x E G and let n G N be the minimal number such that 2^x = 0. If 
n > 1 then b{2^^^x,2"~^x) = contrary to the assumption on b. Thus 2G — 0. 
Therefore the map x i— ?> b{x, x) is a character with values ±1 and trivial kernel. So 
|G|<2. □ 

Corollary A. 9. Let G be an abelian 2-group equipped with a symmetric bicharacter 
b : G X G ^ k^ . Then there exists a subgroup L C G such that L C L-^ and 
{L^ : L)<2. 

Proof. It suffices to show that if |G| > 2 then there is a nonzero subgroup Lq C G 
such that Lq C Lq. By Lemma [A. 8| b{x, x) = for some nonzero a; G G. Take Lq 
to be the subgroup generated by a;. □ 

Now let us prove Proposition lA.7l for a metric group (G, q) of order 2^". Applying 
CoroUarv IA.9I to the bicharacter b : G x G k^ corresponding to q we get a 
subgroup L C G such that L d L^ and {L^ : L) < 2. But (L^ ■ = JZ^ = 
is a square, so L-^ = L and \L\ = 2". 

Let X ■ L k^ he the restriction of g : G — > . Then % is a character 
with values ±1. Let u G G/L be the preimage of x G L* under the canonical 
isomorphism G/L ^ L* . Then 2u = 0. 

For any g E G the sum 

J2qi9 + h)^qig)J2big,h)xih) 

h&L hGL 
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equals 2^q{g) if the image of g in G/L equals u; otherwise the sum equals 0. So 

r+(G,q) = 2"q(5o) 

for any go d G whose image in G/L equals u. Since 2it = we have 2gQ g L, so 
9(50)^ = 9(250) = x{go) ~ ±1- Therefore q{go) is an 8-th root of 1. Finally, if 
q{go) = 1 then G has a Lagrangian subgroup L': namely, if u = take L' = L and 
if M 7^ take L' to be the subgroup generated by go and Ker (L {1,-1}). 

A. 3. Anisotropic metric 2-groups. We begin with some examples. 

A. 3.1. Metric groups of order 2. For each i ^ k such that ~ —1 let Ai denote the 
group Z/2Z equipped with the quadratic form rn-^ i"' . Clearly Ai is an anisotropic 
metric group and T~^{Ai) — I + i. It is easy to see that there are no other metric 
groups of order 2. 

A. 3. 2. Some metric groups of order 4. 

Examples A. 10. (i) For each i G k such that = —1 the orthogonal direct 
sum Ai(BAi is an anisotropic metric group of order 4 and T'^{Ai(BAi) — 2i. 

(ii) Let ^ e fc be a primitive 8-th root of unity. Then Z/4Z equipped with the 
quadratic form n 1— > ^" is an anisotropic metric group whose Gauss sum 
r+ equals 2^. 

(iii) Let C denote the metric group from Proposition IA.3I (ii) for p — 2; expli- 
citly, C is the group (Z/2Z)^ equipped with the quadratic form q{x,y) — 
(—1)^ +^y+y . Then C is an anisotropic metric group of order 4 and 
r+(C) = -2. 

In §A.3.3I we will see that Examples lA.lOl give all anisotropic metric groups 
of order 4. Now we will give a uniform description of the metric groups from 
Examples lA.lOr i-iii) . Note that each of them contains an element of order 2 on 
which the quadratic form takes value —1. Let T denote the set of isomorphism 
classes of triples (G, q, u) in which (G, q) is a metric group of order 4 and u G G is 
an element of order 2 with q{u) = — 1. Here is a description of T. 

Lemma A. 11. (i) For any {G,q,u) e T the values of q on the two elements 
of G\ {0, u} are 8-th roots of unity equal to each other. 

(ii) Associating this 8-th root of unity to (G, q,u) T one gets a bijection 

r^^8 ■.= {^ek\e = i}. 

If (G, q, u) corresponds to ^ then t+(G, q) — 2^. 

(iii) Let ^ e ^i8. Set n(0 '.^ if ^ ^ and n{^) := 1 if = -1. Then 
the metric group corresponding to ^ has the following description: as 
an abelian group, it has generators u, v with the defining relations 2u — 0, 
2v{S/)u, and the quadratic form q : k^ is given by 

q{u) = -1, q{v) = q{u + v) = ^, g(0) - 1. 

Proof. Let b : G x G k^ be the bicharacter corresponding to q. For any v £ G 
one has 4t; — 0, so q{vY — b{v, v)^ = b{4:V, v) — 1. 

Now suppose that v 7^ 0,u. Since b{u,u) — q{uY — 1 and 2v £ {0,u} we 
get b{u,v)'^ = 1. As 6 is non-degenerate b{u,v) ^ 1 (otherwise u e Ker 6). So 
b{u,v) = —1. Therefore q(u -\- v) = q{u)q{v)b{u,v) = q{v). Clearly 2vu for some 
n e Z/2Z. If q{v) = ^ then ^* = ^(m)"' = (-1)"' = (-1)", so n{^). 
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Finally, t+ {G, q) = I - I + 2^ = 2^. □ 

Remarks A. 12. (i) is anisotropic if and only if ^ 7^ 1. 

(ii) If ^ is a primitive 8-tli root of unity then is the metric group from 
Example lA.lOf ii'). If ^ = i, = —1, then is the metric group -A^ ® 
from Example lA.lOf i). If ^ = — 1 then is the metric group from Example 
lA.lOr iii). Finally, if ^ = 1 then is isomorphic to (Z/2Z)^ equipped with 
the hyperbolic form {x,y) i~?> (—1)^^. 

(iii) Let Aut(Af^, u) denote the stabilizer of u in Aut(Af^). Clearly | Aut(Af^, u) \ — 
2 and the unique nontrivial element of Aut(A/^,M) permutes v and v + u. 
This automorphism can also be written as x t-^ x + m{x)u, where m{x) € 
Z/2Z is such that = b{x,u). Here 6 : Af^ x Af^ -J> fc^ is the 
bicharacter corresponding to the quadratic form on Af^. 

(iv) If ^ 7^ -1 then Aut{M^,u) ^ Aut(Af^). If ^ = -1 then Aut(Af^) = 
GL(2,F2) 7^ Aut(Af^,u). 

A. 3. 3. Classification of anisotropic metric 2-groups. 

Proposition A. 13. (i) Every anisotropic metric 2-group has order at most 8. 

(ii) The anisotropic metric groups of order 2 are the groups Ai from ^A.3.1\ 
corresponding to elements i with = — 1. 

(iii) The anisotropic metric groups of order 4 are the metric groups from 
Lemma \A.llY iii) corresponding to elements ^ G fc such that = 1, ^ 7^ 1. 

(iv) Every anisotropic metric group of order 8 is isomorphic to an orthogonal 
direct sum ® Ai, where i,,i G k, i'^ — —1, — 1, ^ 1, —i. 

(v) Af^ ® A, ~ M,^ ® // ® A, ~ M^, ® A, then ^ = C- 

Proof, (i) Let {G,q) be a metric 2-group and b : G x G ^ k^ the bicharacter 
corresponding to q. By Corollarv lA.9[ there is a subgroup L C G such that L C L-^ 
and 2 • |Lp > \G\. The restriction of q to i is a character with values ±1. Its kernel 
is trivial because q is anisotropic. So \L\ < 2 and therefore G < 2 • |ip < 8. 

(ii) is clear. 

(iii) If |G| = 4 then \L\ ^ 2. E u e L, u ^ then q{u)^ = b{u,u) = 1, so 
q{u) = —1. Therefore {G,q) is one of the groups from Lemma [A. Ill Recall 
that is anisotropic if and only if ^ 7^ 1. 

(iv) If |G| = 8 then \L\ = 2 and \L^\ = A. Let v E L, v L^. Since \L^/L\ = 2 
one has 2v e L. So q{2v) = b{2v,v)^ = 1, and since q is anisotropic 2v = 0. 
Let C G be the subgroup generated by v. The restriction of & to is non- 
degenerate, so N and are metric groups and G — N ® N^. By (ii) and (iii), 
N c:^ Ai and ~ Af^ for some i and ^. Clearly ® Ai is anisotropic if and only 
if q{x) ^ {1, -i} for x G {0}, i.e., if and only if ^ 7^ 1, -i. 

(v) If Af^ ® A, ~ Af^/ ® A, then t+{M^) = t+{M^,) and therefore C = To 
construct an isomorphism ® Ai Mi^ ® A^i , note that Afj ® has an 
element w such that (j(w) — ~i (namely, w is the sum of the element u € and 
the nonzero element of Ai). □ 

A. 4. Slightly degenerate pre-metric groups. Let (G, q) be a pre-metric group. 
Let b : G X G ^ k^ be the bicharacter corresponding to q. The restriction of q to 
Kerb is a character. 

Definition A. 14. A pre-metric group {G,q) is said to be slightly degenerate if 
|Ker6| = 2 and the value of q at the nontrivial element of Ker& equals —1. 
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Example A. 15. G = Z/2Z, q{n) = (—1)". (The role of this example is clear 
from Corollary lA. 191 below.) 

Lemma A. 16. // a pre-metric group {G,q) is slightly degenerate then the exact 
sequence of groups — >■ Kerb — > G — !■ G/ Kerb — > splits. 

Proof. Since Ker6 ~ Z/2Z it suffices to show that Ker& ^ 2G. li x E G and 
2x G Ker6 then q(2x) = q{x)'^ = b(2x,x) = 1. By Definition [KAA[ q{y) ^ I ii 
y e Ker6, y ^ 0. So 2x^0. □ 

Let A be the following category: its objects are slightly degenerate pre-metric 
groups and an ^-morphism from (Gi,qi) E A to (G2,<72) E A is a. morphism of 
pre-metric groups which maps Ker &i to Ker 62 ■ 

We will construct an equivalence between A and the following category B: the 
objects of B are pairs {H,f3), where _ff is a finite abelian group and (3 : H x 
_ff — >■ fc^ is a non-degenerate symmetric pairing; a morphism (-ff, /3) — >■ 
is a homomorphism (f> : H H' such that 0(/i2)) = I3{hi,h2) for all 

/ii,/i2 e i/. 

Let (G, g) be a pre-metric group and b : G x G the bicharacter correspond- 

ing to q. The group G := G/Ker& is equipped with the non-degenerate symmetric 
pairing b : G x G induced by b. Thus we get a functor F : A ^ B. 

Proposition A. 17. The functor F : A ^ B is an equivalence. 

Proof. The inverse functor takes {H, (3) E B to the following pre-metric group 
(H.q). Define H to be the set of pairs {h,a) with h E H, a E k^, = b(h,h). 
Define the group operation on H by {hi,ai) + {h2,a2) = {hi + /i2, aia2/3(/ii, /i2))- 
Finally, set q(h, a) := a. □ 

Proposition A. 18. Let H be a finite abelian group with a non- degenerate sym- 
metric pairing /3 : H x H k^ and let H be the corresponding slightly degenerate 
pre-metric group (see the proof of Proposition \A.l')\ ). Then 

(i) the epimorphism tt : H ^ H admits a splitting; 

(ii) splittings of n bijectively correspond to quadratic forms q : H ^ k^ such 
that the bicharacter H x H — > k^ associated to q equals b; namely, the 
splitting H ^ H corresponding to q is defined by h {h,q{h)). 

Proof. Checking (ii) is straightforward, and (i) follows from Lemma lA. 161 □ 

Corollary A. 19. Every slightly degenerate pre-metric group can be decomposed as 
an orthogonal direct sum of a metric group and the pre-metric group from Exam- 
ple\JjE □ 

A. 5. Degenerate anisotropic pre-metric groups. 

Lemma A. 20. (i) A degenerate anisotropic pre-metric group is slightly de- 
generate. 

(ii) Let (G, q) be a slightly degenerate pre-metric group and b : G x G ^ k^ the 
bicharacter corresponding to q. Let G :— G/ Kerb and b : G x G ^ k^ the 
bicharacter induced by b. Then q is anisotropic if and only if the quadratic 
form X I— ?> b(x, x), x E G, is anisotropic. 
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Proof. The restriction of q to Ker6 is a character with trivial kernel, so we get (i). 
Statement (ii) follows from the equalities b{x,x)'^ — q{x) and q{x + u) = —q{x), 
where x £ G and u is the nontrivial element of Ker b. □ 

Proposition A. 21. (i) A degenerate anisotropic pre-metric group is an or- 
thogonal direct sum of a degenerate anisotropic pre-metric 2-group and an 
anisotropic metric group of odd order. 
(ii) There are two degenerate anisotropic pre-metric 2-groups {G,q), namely 
the one from Examvle \A.15\ and the following one: 

(138) G = (Z/2Z)2, g(TO, n) = i'"(-l)". 

Here i £ k is a fixed square root of ~1. 

Remark A. 22. The equality (-i)™(-l)" = i^n(^_iyn+n g^^^^g ^--^.^^ replacing i by 
—i in p38p one gets an isomorphic pre-metric group. 

Proof, (i) is clear and (ii) follows from Proposition lA.lTl Lemma rA.201 and Lem- 
ma IA.8I (Alternatively, one can use Corollary IA.19I and the following corollary of 
Proposition Ell if (H^q) is an anisotropic metric 2-group such that q does not 
take the value -1 then \H\ < 2.) □ 

A. 6. Weakly anisotropic pre-metric groups. According to Definition 15.221 a 
pre-metric group (G, q) is said to be weakly anisotropic if it has no nonzero isotropic 
subgroups stable under Aut(G, g). 

A. 6.1. Formulation of the theorem. 

Lemma A. 23. A pre-metric group (G, q) is weakly anisotropic if and only if all 
its p-components are. □ 

Now fix a prime p. Let H denote Fp equipped with the hyperbolic quadratic 
form {x,y) i-> C^^, where C S ^ is a fixed primitive p-th root of 1. As usual, let 
b : G X G ^ k^ denote the symmetric pairing associated to q. 

Theorem A. 24. The following properties of a pre-metric p-group (G, q) are equiv- 
alent: 

(i) (G, q) is weakly anisotropic; 

(ii) {G,q) is an orthogonal direct sum of several copies of H and an anisotropic 
pre-metric p-group; 

(iii) for every isotropic subgroup A d G there exists an isotropic subgroup B <Z G 
such that the pairing A x B ^ k^ induced by b : G x G ^ k^ is non- 
degenerate. 

If p ^ 2 these properties are equivalent to the following one: 

(iv) pG = and q is non- degenerate. 

Remark A. 25. Combining Lemma[A23]and Theorem lA. 241 with the classification 
of anisotropic pre-metric groups from ^A.lj PA.3[ and pA.5l one gets a complete 
classification of pointed weakly anisotropic pre-metric groups. 
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A.6.2. Proof of Theorem \Al4\ 
Lemma A. 26. (iii)^(i). 

Proof. Let A and B have the same meaning as in (iii) . Clearly ^4 n -B is contained 
in the kernel of the pairing A x B , so A O B — 0. Choose an isomorphism 

/ : A B and let : G — >■ G be the automorphism such that ip\A = f, fls = /~^, 
and (f{x) = a; if a; is orthogonal to A(BB. Then ip preserves q and ip{A) ^ A unless 



Lemma A. 27. Property (iii) implies that all isotropic elements of G are annihi- 
lated by p. 

Proof Suppose that x e G, q{x) = 1, p^x = 0, p^-^x 7^ 0, m > 1. Let A C G 
be the subgroup generated by p'^~^x and let B be as in (iii). Then \B\ — p, so 
B is orthogonal to p"^~^x, which contradicts the non-degeneracy of the pairing 
AxB-^k"". □ 

Lemma A. 28. (iii)^(ii). 

Proof. Let A C G be the maximal isotropic subgroup. Let B be as in (iii). Then 
G ^ {A® B)®{A® B)^ and (A ® B)^ is anisotropic. Lemma 1X271 implies that 
(A ® ~ i?" for some n > 0, □ 

Lemma A. 29. Suppose that pG = and q{x)P = 1 for all x € G. If {G,q) is 
either non- degenerate or slightly degenerate then (iii) holds. 

Proof. G is a vector space over Fp and q{x) — where C G ^ is a primitive p-th 

root of 1 and Q : G Fp is a quadratic form. So at least in the non-degenerate 
case, the lemma is a standard fact from linear algebra. The slightly degenerate case 
(which can occur only if p = 2) can be reduced to the non-degenerate one because 
any isotropic subgroup ^ C G is contained in some metric subgroup Gi C G (note 
that since Ker6 is anisotropic AD Kerb — 0, then take Gi C G to be any subgroup 
of index p containing A and not containing Kerb). □ 

By Lemma IA.29| condition (iv) of Theorem IA.24I implies (iii). So to prove 
Theorem I A . 241 for p 7^ 2 it remains to show that in this case (i)=>(iv) and (ii)=>(iv). 
If p ^ 2 then Ker b is isotropic, so a weakly anisotropic pre-metric p-group is non- 
degenerate. Lemma [A.4r i) implies that if p 7^ 2 then a weakly anisotropic pre-metric 
p-group is annihilated by p. So (i)=>(iv) and (ii)=>(iv). 

In the case p = 2 we still have to prove that (i)=^(iii) and (ii)=>(iii). By 
Lemma |A.29[ it suffices to prove the next lemma. 

Lemma A. 30. Let p ^ 2. Either condition (i) or (ii) implies that 

(a) all isotropic elements of G are annihilated by 2; 

(b) the pre-metric group G' :— {x G G\2x — 0,q{x)^ = 1} is either non- 
degenerate or slightly degenerate. 

Proof. By Lemma [A.20r i). condition (ii) implies (b). Let us prove that (i)=>(b). 
Let G' be as in (b). Let 6' : G' x G' — > /c^ be the restriction of6:GxG— >fc'*. 
We have to show that 



This follows from (i) because the l.h.s. of (|139|) is an isotropic subgroup stable 
under Aut(G, q). 



A = Q. 



□ 



(139) 



{yeKer6'|g(y) = l} = 0. 
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Finally, let us prove that (b)=>(a). Suppose that x £ G, q{x) — 1, 2™a; — 0, 
2"-ia; ^ 0, m > 1. Then g(2™"ix) = 1 and 2"-ia; € Ker&', which contra- 
dicts (irig)) . □ 



A. 7. The Witt group of metric groups. 



A. 7.1. Definition of the Witt group. Let {G,q) be a metric group. Then for each 
isotropic subgroup H C G the quotient H^/H has a structure of metric group. 
In this situation we will say that H^/H is an m-subquotient of {G,q) (here "m" 
stands for "metric" and "middle"). 

Clearly H is maximal among isotropic subgroups if and only if the metric group 
H^/H is anisotropic. We will say that /H is "the" anisotropic metric group 
corresponding to (G, q). This terminology is justified by the next lemma. 

Lemma A. 31. If Hi,H2 C G are maximal isotropic subgroups then the metric 
groups Hi / Hi and H^ /H2 are isomorphic. 

The proof given below provides a concrete isomorphism 012 : H^ / Hi — > H2 7-^2 ■ 
But given a maximal isotropic subgroup H3 C G the diagram 



Hi /Hi 5- H2/H2 




does not commute, in general. This is why we talk about "the" anisotropic metric 
group corresponding to {G,q) (with "the" in quotation marks). 

Proof. We can assume that iJi n iJ2 =0 (otherwise replace G by {Hi r\H2)'^ / Hif] 
H2). Since H^/Hi is anisotropic and H2 is isotropic H2 n H^ C H2 H Hi — 0. 
Similarly, Hi D H^ = 0. So the pairing b : Hi x H2 ^ is non-degenerate. 
Therefore the restriction of g to C := Hi H2 is non-degenerate. So G = C ® G^. 
Clearly H^/Hi ~ G^ ~ H^/H2. □ 

Say that two metric groups are equivalent if "the" corresponding anisotropic 
metric groups are isomorphic. 

Lemma A. 32. Two metric groups are equivalent if and only if they have isomor- 
phic m-subquotients. □ 

Let W denote the set of equivalence classes of metric groups. If Gi, G2, G'^, G2 
are metric groups and Gi ^ G'j^, G2 ~ G2 then the orthogonal direct sum Gi ® G2 
is equivalent to G'j^ 0G2 (this follows from Lemma |Aj32|. Thus is a commutative 
monoid. In fact, it is a group because the orthogonal direct sum (G, g) © (G,q~^) 
contains the diagonally embedded G as a Lagrangian subgroup. For each prime p 
let Wp C be the set of classes of metric p-groups. Each Wp is a subgroup, and 

p 

Definition A. 33. W is called the Witt group of metric groups. Wp is called the 

Witt group of metric p-groups. 
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Remark A. 34. W identifies with the set of isomorphism classes of anisotropic 
metric groups. The sum of the classes of anisotropic metric groups Gi and G2 is 
the class of "the" anisotropic metric group corresponding to the orthogonal direct 
sum Gi © G2. 

Let us formulate the universal property of W. The universal property of Wp is 
formulated and proved in a similar way. 

Lemma A. 35. Suppose we have an abelian group H and a rule that associates to 
an isomorphism class of metric groups G an element [G] G H so that [Gi G2] — 
[Gi] + [G2] and if G is hyperbolic then [G] = 0. Then there exists a (unique) 
morphism — >■ 11 such that the class in W of a metric group G is mapped to [G] . 

Proof. It suffices to show that if iJ C G is an isotropic subgroup then [H^/H] = 
[G]. Set G^ := {G,q~^), where q is the original quadratic form on G. Then the 
orthogonal direct sums G~ © {H^ /H) and G~ © G are hyperbolic (because the 
diagonally embedded subgroups ^ G^ © {H^/H) and G ^ G^ © G are 
Lagrangian). So [G^] + [H^/H] = = [G^] + [G]. Therefore [H^/H] = [G]. □ 

A. 7. 2. The Gauss sum morphism. Let (Q)^° := {x G Q^\x > 0}. By Proposition 
16.11 the image of T^{G,q) in k^y^/Q-'^ depends only on "the" anisotropic metric 
group corresponding to {G,q), so we have well defined maps : W k^y^/Q^°. 
They are homomorphisms. Since t~ is complex-conjugate to t+ it suffices to study 
T+. The following statement is a reformulation of Proposition 16.41 

Proposition A. 36. For each prime p the homomorphism r+ : Wp — > k^y^/Q^'^ is 
injective. □ 

Corollary A. 37. // {Gi,qi) and (G2,<Z2) are anisotropic metric p-groups and 
T+(Gi,qi) =r+(G2,q2) then (Gi, gi) ~ (G2, <Z2). □ 

To describe T~^{Wp), we need some notation. Let ^„ C k^ denote the group of 
n-th roots of 1. Let Cp C k^ be the following subgroup: if p = 1 mod 4 then Gp 
is generated by —1 and y^; if p = 3 mod 4 then Gp is generated by —1 and ^/—p; 
finally, G2 is generated by /xg and (or by /ig and 1 + i). Set p^ := e Z}. 

Clearly Gp/p^ C k^yJQ>°. 

Proposition A.38. T+{Wp) = Gp/p^. 

Proof. If p = 2 use Proposition I A. 1 3l Lemma fA.llf ii) and i ]A.3.1l 

Now let p 2. Define q : ¥p k^ by q{x) — , where C is a primitive p-th root 
of 1. By Propositions IA.6I and IA.3r ii). T^{Wp) is generated by —1 and T'^{¥p,q). 
Moreover, r+(Fp, 5)^ equals the Gauss sum of the quadratic form on defined by 
q{x,y) = Cf^^v^ , If p = 1 mod 4 this form is hyperbohc, so T+(Fp,(7)^ — p. If 
p = 3 mod 4 the form is anisotropic, so T"'"(Fp, q)^ = —p by Proposition I A. 31 □ 

Remarks A. 39. (i) Propositions IA.361 and 1X^81 describe the group Wp. An- 
other approach to Wp is developed in [Lj and }BLLV| Appendice A]. It is 
based on the exact sequence 

^ WQ{Zp) ^ WQiQp) -^Wp~^0 

from |BLLV| Theoreme A.25] and the isomorphism WQ{Zp) 4 WQ{¥p) 
from [n CoroUaire 2.4]. Here WQ{A) is the Witt group defined by using 
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finitely generated projective A-modules equipped with, non-degenerate A- 
valued quadratic forms. 

(ii) By Propositions IA.36I and IA.38[ for any p one has 8Wp = 0. Here is a 
sketch of an alternative proof of this fact. The group Wp is a module of the 
Witt ring of symmetric bilinear forms over Zp, so it suffices to show that 
in this ring 8 = 0. This is because for any prime p the symmetric bilinear 

8 

from ^ XiHi over Qp has a Lagrangian subspace. 

(iii) We defined Cp by considering separately the cases p = 1 mod 4, p = 3 
mod 4, and p = 2. Here is a uniform description of Cp. Let kp-cyc C k^yc be 
the subfield generated by p"-th roots of unity, n = 1,2,.... Let Ep C kp-cyc 
be the subfield of elements fixed by (Zp )^ c = Gal{kp-cyc/k). Then 
Cp/p^ C Ep /Q^'^ is the subgroup of 2-torsion. Note that the inclusion 
T~^{Wp) C Cp follows from Remark (ii) above and the inclusion T+(Wp) C 
Ep /p^, which is clear from the definition of Gauss sum. 

Appendix B. Ising categories 

In this Appendix we collect some well known facts about the so-called Ising 
categories. 

Definition B.l. We say that a fusion category I is an Ising category if FPdim(I) = 
4 but I is not pointed. An Ising braided category is a braided fusion category which 
is Ising in the above sense. An Ising modular category is a modular category which 
is Ising as a fusion category. 

Remark B.2. The modular category that appears in the description of the 2- 
dimensional Ising model at criticality via Conformal Field Theory is an example of 
an Ising modular category. 

B.L Ising fusion categories. 

Proposition B.3. An Ising category X contains precisely 3 isomorphism classes 
of simple objects: the unit object 1, an invertible object S not isomorphic to 1, and 
a non- invertible object X. One has 

(140) 5®5-:^l\5®X'^X®5'^X; X®X'^1®5, 

FPdim{5) = 1, FPdim{X) = V2. 
Proof. See e.g. [ENOl Proposition 8.32]. □ 

It follows that the object X is self-dual. Choose an isomorphism <j> : X X* 
(it is defined uniquely up to a scaling). Then the composition 

(141) 1'°-^ X^X*^^' X*^X'^1 

is independent of the choice of (p. Let us denote this composition by A(X) e 
Hom(l,l) = k. 

Lemma B.4. We have X^If = 2. 

Proof. Combining Propositions 12.181 11) and IB. 31 we see that \X\'^ = 2, where |Xp 
is the squared norm (see !j2.4.2p . On the other hand, let us compute \X\'^ using 
the isomorphism 'ipx '■ X X** defined by ipx ■— (0*)^V (here (/) : X X* 
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is any isomorphism). The corresponding numbers d±{X) (see §2.4.2p equal A, so 
= = A2 by formula Q. □ 

Proposition B.5. (i) For any A G /c such that A^ = 2 there exists an Ising category 
I with A(I) — A. 

(ii) The number \{T) determines an Ising category T uniquely up to an equiva- 
lence of fusion categories. 

This proposition is a particular case of [TYl Theorem 3.2] (in [TY] multiplication 
tables more general than (jl40p are studied). 

Remarks B.6. (i) It is not hard to show that any tensor autoequivalence of 
an Ising category is isomorphic to the identity functor. 

(ii) Here is an explicit construction of an Ising category I with \{T) — A, where 
A is a fixed square root of 2 (this is a special case of jTY[ Definition 3.1]). 
The simple objects of I are X and (Sq, a G Z/2Z. The tensor product of 
simple objects is defined by 

5a®5b^5a+b, Sa(E) X ^ X ^ X (E)6a, X (g) X ^ ® 5i . 

The associativity isomorphism {Sa<gX)®Sb Sa<g{X(>^Sb) equals (— 1)"^- 
idx • The associativity isomorphism {X (E) Sa) <E) X X (E) {Sa (E) X) is the 
morphism ® (5f, — > ® (^f, with components (— 1)'^''. The associativity 

isomorphism {X (E) X) (E) X X E) {X E) X) is the morphism 
(Sa^X)^ (X^db) 

aeZ/2Z 6eZ/2Z 

with matrix elements (—1)"'' • A~^, a,b G Z/2Z (recall that Sa E) X = X ^ 
X Sb). The remaining associativity isomorphisms 

(Sa ® Sb) E)Sc'^ SaE) (Sb E) 6c), 

{Sa E)Sb)E)X ^ SaE) {Sb E) X), {X E) Sa) E) Sb -—^ X E) {Sa E) 5b), 

{Sa <E X) (E X Sa (E {X <E X), {X (E X) (E Sa ^ X <E {X <E Sa) 
equal the identities. 

(iii) According to the previous remark, the maximal pointed subcategory Xpt C 
X is equivalent to Vecx/2Z- Here is an a priori proof. Since the fusion 
category Ipt is pointed it is equivalent to Vec^, see m.l[ It is clear that 
G ~ Z/2Z. We claim that the class of cj in H^{G,k'')c^ Z/2Z is trivial. To 
see this, note that the functor Hom(X, ? (g) X) : lad Vec has a structure 
of tensor functor. On the other hand, a tensor functor Vec^ — > Vec yields 
a representation of the 3-cocycle cj as a coboundary. 

(iv) Keep the notation of Remark (ii). Identify X* with X so that coevx : 
So ^ X (E X* identifies with the embedding Sq ^ So ® Si = X (E X . Then 
evx ■ X* E) X ^ Sq identifies with A • tt, where tt : X E) X = Sq ® Si ^ Sq is 
the projection and A has the same meaning as in Remark (ii). This follows 
from the description of the associativity isomorphism {X (E X) (g) X 

X Ei) {X (E X) in Remark (ii) or from the fact that the composition (|14ip 
equals A. 
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Let X be an Ising fusion category. It is clear that the adjoint category Xad is 
generated by objects 1 and 6. Hence Xad is pointed and X is nilpotent of nilpotency 
class 2, see |GN] . (The nilpotency of X is also clear since it is a p-category for p = 2 
and p-categories are nilpotent by |EN01 Theorem 8.28]). In !j2.3l we defined the 
notion of universal grading deg : ©(C) — )■ C/j. In our situation it has the following 
explicit description: 

(142) Vi = Z/2Z, deg(l) = deg(^) = G Z/2Z, deg(X) = 1 e Z/2Z. 
By Proposition [23] (iii), Autg,(idi) = Hom(f7i,fc^) = Z/2Z. 

B.2. Spherical structures on Ising categories. It follows from Corollary 12.241 
that an Ising category X has a spherical structure. Moreover, since C/j = Z/2Z 
it is clear from i i2.4.3l that X has precisely two such structures. For any of them 
d{Xf = FPdim(X)2 = 2. Since X(8)X ~ 1©(5 this implies that d{S) = 1. Therefore 
a spherical structure on X is completely determined by the sign e{X) = ±1 in the 
equality d{X) = e{X)\{X). 

Lemma B.7. Equip X with the spherical structure such that e{X) = 1. Then the 
corresponding isomorphism X — > X** equals {(f>*)^^4>, where : X — > X* is any 
isomorphism. 

Proof. Let tpx '■= It suffices to check that the dimension d+{X) cor- 

responding to V'x (see H2.4.2P equals A(Z). This follows from the commutative 
diagram 



X(g)X* ^ X** (g) X* — ^ 1 

id 



COCVx 



COCVx ^ — ^ 

— £ X(g)X* — — ^ x*(^x- 



whose rows compute d+{X) and A (I), see formulas ^ and (|14ip . □ 



B.3. Ising braided categories. The following result is well known, see e.g. [MSI 
Appendix D]. 

Proposition B.8. There exists an Ising braided category. □ 

Remark B.9. One can construct examples of braided Ising categories (or even 
modular ones) using the quantum group Uqsl(2) with q being a primitive 8-th root 
of unity, e.g. one can use [BKl Exercise 3.3.24(iii)] with k ~ 2. 

Corollary B.IO. Each Ising category admits a structure of braided category. 



Proof. This follows from Proposition IB. 81 because by Proposition IB.5[ all Ising 
categories are conjugate under the action of the group of automorphisms of k. □ 

Lemma B.ll. Let X be an Ising braided category. Then Xad is braided equivalent 
to s Vec. 

Proof. Since i5 (8) X ~ X it is clear that 6 projectively centralizes X, see Definition 
[?T51 So by Proposition S centralizes X (g) X* ~ 1 ® S. The subcategory 

Xad is generated by 6, hence it is symmetric. Thus by Theorem 12. 43[ either Xad — 
Rcp(Z/2Z) or Xad ^ sVec. 

The composition Xad ^ X ^ Z{X) defines on X a structure of fusion category 
over Xad (see Definition I4.16p . So if Iq^ ~ Rep(Z/2Z) then by Theorem 14.181 we 
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have an equivalence of fusion categories X ~ ^2/2^ fg^ some fusion category C. By 
Proposition HSU FPdim(C) = 2, i.e., 

^ FPdim(X)2 = 2. 

veo(c) 

Now the properties of the Frobenius-Perron dimension (see i 32.4.ip imply that 
FPdim(X) ^ 1 for all X e 0{C). So C is integral, which contradicts Corollary |12Z1 
Hence Tad — sVec. □ 

Corollary B.12. Any Ising braided category T is non- degenerate in the sense of 
Defi,nition\KM 

Proof. By (|140p . 5® X ^ X. Combining this with Lemmas [B . 11 1 and we see 
that 5 ^ I' . Since X ® X contains 5 this implies that X ^ I' . So I' = Vec. By 
Proposition 13. 71 this means that T is non-degenerate. □ 

Corollary B.13. (i) An Ising fusion category I admits precisely 4 braided 
structures. 

(ii) Let cjjv , U,V €z T be a braiding. Then the three other braidings on X are 
(143) CUV ■■= cy]j, c'uv (-l)'^'=sC/-dcgV^^^^ („i)dcgc/.dcg v^-i^^ 

where deg is the universal grading (|142l) . 

Proof, (i) By ^12.101 a braiding on I is the same as a section of the forgetful functor 
F : Z{I) — > I. Here "section" means an isomorphism class of tensor functors 
$ : I — >■ Z{I) such that ~ id (or equivalently, a fusion subcategory D C Z{I) 
such that i^|x> : 2? — >■ I is an equivalence). 

Choose some braided structure c on I (it exists by Corollarv lB.10[) . By Corol- 
lary [BTTJ] and Proposition 13.71 this choice identifies Z{I) with so that 
F : Z{I) I identifies with the tensor product functor I M 1°^ — > Z. A section 
I — > Z{I) — I^I°P is uniquely determined by the image of X, and we have 4 pos- 
sibilities for this image: XMl, IMX, XMS, 6MX. They correspond, respectively, 
to the original braiding c and the braidings (|143|) □ 



The proof of the following proposition is contained in TO. 41 

Proposition B.14. Let X be a braided Ising category. Assume that the braiding 
C'XX acts on the one dimensional vector space Hom(\, X ® X) as multiplication by 
a number C, £ k. Then cxx o,cts on Hom(S, X (X) X) as multiplication by (^~^ and 

(144) + = A, 

where A = A(I) G k is the square root of 2 corresponding to X (see ^B. 

Remark B.15. Let I be an Ising fusion category and A e fc the corresponding 
square root of 2. Let C be the solution to the equation (|144p corresponding to a 
braiding c on I (see Proposition IB.14|) . Then the solutions to the equation (|144|) 
corresponding to the three other braidings (|143p are equal, respectively, to C^^, 
— C, and — C^^- Thus we get a bijection between braided structures on X and the 
solutions to the equation (|144p . 

Proposition IB . 14l associates to each Ising braided category X a solution C = C,{X) 
to the equation 

(C' + r')' = 2, Cefc, 
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i.e., an 8-th root of —1 in k. Combining Proposition IB .51 and Remark lB.lSl one gets 
the foUowing statement. 

Corollary B.16. The map X h- !■ C(2^) ^•s ^ bijection between the set of braided 
equivalence classes of Ising braided categories and the set of 8-th roots of —1 in k. 
□ 

The Ising braided category corresponding to ( £ k, ~ —1, wiU be denoted 
byXc. 

Remarks B.17. (i) FoUowing [S, §5], we give here the exphcit formulas for the 
braiding on using the notation from Remark IB. 61 (ii). The braiding cg^g^ equals 
{—l)°-''ids^^i^ and the braiding cxx equals C • id^o © C ' id^i (this follows from 
Lemma [B.lll and Proposition IB.14"| . Finally, according to fS, §5], the braidings 
cg^x and cxSa equal • idx- 

(ii) For any choice of braided structure on I and any Y E I the square of the 
braiding Y^5 S^Y Y (E)S equals (—1)'^°^^ . This is clear from Remark (i) 
above. On the other hand, this follows from Corollary IB . 1 2 1 and Lemma [3.311 

B.4. Proof of Proposition IB. 14l 

Lemma B.18. Let I and C, have the same meaning as in Proposition \B. 14\ Equip 
X with the spherical structure corresponding to e — 1 (see ^B.S^) . Then 9i — 1, 
ds = -1 and 9x = C~^- 

Proof. By Lemma IB. Ill lad is a pointed braided category corresponding to the pre- 
metric group (Z/2Z, g), q{n) = (—1)". By the spherical structure on Tad is 

positive (i.e., d{S) — 1), so the twists of the objects of are given by formula p6|. 

Formula (fT4|) says that the isomorphism ux ■ X X** defined by (fT2|) equals 
(^x^'i'x, where ^x '■ X X** comes from the spherical structure. By Lemma lB.7| 
if we identify X* with X using some (j) : X X* and identify X** with X* 
accordingly then ipx identifies with idx', on the other hand, ux identifies with the 
composition 

X > A (g) (A ® A ) > (A ® A ) ® A > (A ® A ) ® A > A , 

where coevx : 1 ^ X (E) X and evx : X (E) X ^ 1 depend on the choice of 4>. 
Now choose 4> as in Remark IB.6r iv). Using Remarks IB.6r ii. iv) and the definition 
of ( given in Proposition IB. 141 one checks that ux ■ X X equals C • idx • So 

Ox' - C □ 

Now let us prove Proposition IB.14I Equip I with the spherical structure cor- 
responding to e = 1 (see iiB.2[) . Assume that cxx — C ' id^o + ^ ' id<5i- Then 
Cxx = C^'id<5o+^^'id5i • On the other hand, (IT5|) savs that e — ^'idao + ^ -id^i . 
Therefore 

(145) e - ~e- 

Next let us compute Tr(c3f^) in two different ways. Clearly Tt{c]^\-) = + 
C"^ • d{S). By ^B31 d{S) = 1, so Tt{cxx) ^ + On the other hand, 

formula ^ says that Tt{cxx) Ox^diX). RecaU from ^R2l and Lemma iBTSl 
that d{X) = A and 9x — C^^- Thus we have 



(146) 
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Since = 2 (see §B.2p we get (("^ + C"^)^ = 2C^. Combining this with ([T45l) we 
get = C^"^. Now (|144p is an immediate consequence of ()146p . 

B.5. Ising modular categories. Recall that a structure of modular category on 
a fusion category is the same as a non-degenerate braided structure combined with 
a spherical structure (see tj2.8.2[) . By Corollary IB.121 for Ising categories nonde- 
generacy is automatic. Now combining the results formulated in iji iB.HIB.Sl we get 
a bijection 1 1-)- (^(X), e(X)) between the set of modular equivalence classes of Ising 
modular categories and the set of pairs (C, e), where C is an 8-th roots of —1 in k 
and e = ±1. The Ising modular category corresponding to (C, e) will be denoted 
by ^c.e- 

Remark B.19. One can show that for modular Ising categories obtained from 
Uqsl{2) (see Remark lB.Op we have e — —1. 

Proposition B.20. The twists in X^ e are as follows: 

(147) 01 = 1, -1, Ox = eC~'- 




Proof. By TO. 21 a spherical structure on X restricts to the positive spherical structure 
on Tad- Thus 6i and 9s do not depend on choice of e and the result follows from 
Lemma IB. 181 

Both 9x and e change their signs if one changes the spherical structure. So the 
formula for 9x follows from Lemma IB. 181 □ 

Corollary B.21. The S-matrix ofXi^^e equals 

1 1 

1 1 

Here we assume that the simple objects ofT^ ,: are ordered as follows: \^5,X. 

Proof. This is immediate from ([23l) and the formula 9s = —\ (note that 9x is not 
needed for this calculation). □ 

Remarks B.22. (i) By gRl d{l) = d{6) = 1 and d{X) = eX = e{C^ + C^), 
so d{Xf = 2. 

(ii) Combining Remark (i) with (|122p and (|147p one finds the Gauss sum of X^ ^ : 
(148) T+{Ic,) = 2eC'. 

In particular, r"'"(X^_e)/2 is an 8-th root of -1, i.e., a primitive 16-th root of 
unity. 

B.6. The tensor product of two Ising braided categories. Consider two Ising 
braided categories X^ and X^/ . We will describe the maximal Tannakian and maxi- 
mal symmetric subcategory of Iq M Iqi . Then we will describe the core of Kl Ii^> 
(see Definition 15.81 for the definition of core) . 

Lemma B.23. (i) The adjoint subcategory (X^ HX^')ad — {Tc)ad {TQ')ad is 
symmetric and has Frobenius- Perron dimension 4- It is the unique maximal 
symmetric fusion subcategory of Z{I). 
(ii) The fusion subcategory S gTqWIqi generated by SMS is the unique maximal 
Tannakian subcategory of X^ Kl X<^' . 
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(iii) The centralizer £' equals the maximal integral subcategory (I^ M2(^r)int of 

Proof. The first part of (i) follows from Lemma IB.III Let us prove that any sym- 
metric fusion subcategory V C MX^i is contained in {X^ ^Xt^')ad- By Corollary 
UMi V is integral, so P C (J,; MX(,),„f By Theorem El FPdim(X') < 4. Since 
X^X e {X(; ^X^,)int has Frobenius- Perron dimension 2 we see that X^X ^V. 
But all simple objects of {Xq HI^/)i„t except X M X are contained in {X(^ MXQi)ad, 
soPC (Ic^Ic')ad. 

We have proved (i). Statement (ii) follows from (i) and Lemma iB.llI State- 
ment (iii) follows from Remark iB.lTr iiV □ 

For each eighth root of unity ^ we defined in Lemma lA. Ili a certain metric group 
of order 4. Recall that has a distinguished element u of order 2 and that 
q{u) = — 1, q{x) = ^ for X e \ {0, u}. Now we will show that the core of MXqi 
is the pointed braided category corresponding to a certain M^. 

Lemma B.24. Let (C,r) be the core ofX^ mX^, . Then 

(i) the braided category C is pointed; 

(ii) the metric group corresponding to C is isomorphic to M^, where 

(149) e = /(c)/(c')/2, /(C):=r'(c' + r') 

(Hi) the subgroup T C Aut^''{C) — Aut{M^) equals Aut{M^,u) (i.e., the stabilizer 
ofu). 

Note that by Remarks fO^ iii-iv). | Aut(Af^, m)| = 2 and if ^ -1 then Aut(Af^, it) = 
kni{M^). 

Proof. Let £ C XcMXc^i be the Tannakian subcategory from Lemma lB.23r ii). Choos- 
ing a fiber functor £ — > Vec we identify £ with Rep(Z/2Z). By definition, C is the 
de-equivariantized category £' Ms Vec (so Z/2Z acts on C) and F is the image of 
the homomorphism 'LjTL Aut'"^(C) — Aut(G', g). The category of equivariant 
objects C^/™ identifies with £' . 

By Lemma rB.23r iii). £' is integral. So C = Klg Vec is integral. In particular, C 
is not Ising. But FPdim(C) = 4, so C has to be pointed. Since the braided category 

K Z^/ is non-degenerate so is C Therefore C = C{G,q) for some metric group 
(G, q) of order 4. 

Now consider the maximal symmetric fusion subcategory of MX,^i (see Lemma 
IB.23r i)). De-equivariantizing it one gets a braided subcategory of C(G', q) equivalent 
to the category of super-vector spaces. So we get a F-invariant element u € G oi 
order 2 such that q{u) — —1. Therefore {G,q) identifies with a metric group of 
the form (see statements (ii) and (iii) of Lemma [A. lip . To find ^, we use the 
equality T+(Af^) — 2f from Lemma [A.llf ii'). Combining it with Proposition 16.241 
and formula (pT)) we see that 2^ = t+(M^) = /(C)/(C')- 

Since u is F-invariant F C Aut(Ajf^,u). But |Aut(M^,u)| = 2, so to compute F 
it remains to show that the action of Z/2Z on G = 0{C) is nontrivial. If it were 
trivial the category of equivariant objects C^/^^ would be pointed (here we use that 
H^{Z/2Z, fc^) = 0). But in fact, C^/^^ = £' is not pointed. □ 



88 VLADIMIR DRINFELD, SHLOMO GELAKI, DMITRI NIKSHYCH, AND VICTOR OSTRIK 



B.7. The center of an Ising category. Consider the center Z{T) of an Ising 
fusion category I. Corohary IB. 121 and Proposition 13.71 imply that a choice of a 
braiding on I produces a braided equivalence ~ IK1X°p. By Remark lB.151 

(Z(;)°P ~ Zc^-i. Thus Lemmas lR23l and lR24l imply the following one. 

Lemma B.25. (i) Z(Z) has a unique maximal symmetric fusion subcategory. 
This subcategory has Frobenius- Perron dimension 4- 
(ii) Let (C,r) be the core of Z{T) (see Definition \5.8\) . Then C is the pointed 
braided category C{G,q) corresponding to the hyperbolic metric group 

(150) G = (Z/2Z)2, q{m, n) := (-1)™", m,ne Z/2Z 

and the subgroup T C Aut''^ (C) — Aut(G,q) equals Aut{G,q). □ 

Note that the only nontrivial element of Aut(G, q) is the automorphism (to, n) i— >■ 
in, m). It permutes the two Lagrangian subgroups of (G, q). 

Appendix C. The Altschuler-Bruguieres characterization of 

centralizers 

Let C be a braided fusion category, and let 2? C C be a fusion subcategory. In 
this appendix we recall and extend a characterization, due to D. Altschiiler and 
A. Bruguieres [AB| . of the centralizer V in terms of the S'-matrix of C, (Proposi- 
tion [C3|. 

Let us recall some notation. Let C be a fusion category and let 

evx : X* ® X ^ 1, coevx : 1 X ® X* 

be the evaluation and coevaluation maps. Given a natural (but not necessarily 
tensor) isomorphism tpx '■ X ^ X** we define new morphisms 

ev;^ := evx*(V'x «)idx*) : ^ «> a:* ^ 1, 

coev^ := (idx* ® ^^)coeYx* ■.1^X*®X. 

For any morphism / : X — AT we defined in ^ and ([3]) two traces, Tr _(_(/) and 
Tr-(/) by 

Tr+(/) = ev^ o (/ (X" idjf.)coevx, 
Tr_(/) = evx o (idx- ® /)coev^. 
We also set d±{X) = Tr±(idx). Note that 

d+(X)d_(A:) = dim(C), 

where the latter is the categorical dimension of C, see ij2.4.2l 

Lemma lC.ll below was proved in [ABj under the assumption that ^ is an isomor- 
phism of tensor functors, i.e., a pivotal structure. Our proof is a slight modification 
of that in |AB| . Let 0{C) denote the set of simple objects of C. 

Lemma C.l. LetC be a fusion category (not necessarily pivotal) and let T> d C be a 
fusion subcategory. Let V be a fixed object of C and let fiu : U^V — >■ U^V, U E T> 
be a natural family of isomorphisms. Define 

(151) Hu:^ d+{Y){Tr^® idu®v)I^Y®u- 
Then Hu = idu <8) Hi . 
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Proof. For any object Y in V and any X e 0(V) let -k'^y^ : F ^ F be the 
idempotent endomorphism of Y corresponding to the projection on the maximal 
multiple of X in y. Define auxiliary morphisms A^, -.U^V^U^Vhy 

:= {idu ® evx ® idv)(7r[^^. ® l3x)iS'du ® coev^ ® idy), 
BJ. := {evY <8) id;7<8iy)(idy- (?) I^Ymi'^'^i^u idy))(coev^ (g) idu^v)- 
To prove the Lemma it suffices to check the identity 

(152) d+{X)A^^d+iY)B],, X,YeO{V), 

since then the result follows by taking the sum of both sides of (|152p over X, F G 
0(2?). 

If X, Z are objects in C then there is a non-degenerate pairing 

(153) Hom(X, Z) X Hom(Z, X) : (/, g) ^ Tr+(/.g). 

For any basis {fi]i£i of Hom(X, Z) let be the basis of Hom(Z, X) dual to 

{fi}iei with respect to the pairing (I153p . In the case when X is simple we have 
the following straightforward identities: 

Let us take Z = F (g) [/ above. Using naturality of /3, we obtain 
^y®u{'^'yIu ® idy) = of+(^) 51 I^Ymifif «) idy) 

= d+(X)^(/,®idy)/3x(r ®idy). 

For every i Cz I consider morphisms 

gi := {evY <E)idu(g,X'){idy <E) fi(E)idx*){idY* <E)Coevx) --Y* ^ U (E) X*, 

g' := {idY' <E)ev'x)(idY'' <E) f (E)idx'){coevY (E)idus)X*) ■■ U (E) X* ^ Y*. 

Using the axioms of evaluation and coevaluation we obtain 

(id;7 (g) evx){gi <E) idx) = (evy (g) id(7)(idy. (g) /j), 

(g' (g) idx)(id(7 (g) coev^) = (idy. (g /*)(coevy (g) id;/). 

Using definitions of Tt± and properties of evaluation and coevaluation maps one 
computes 

Tr (a^a )-^^Tr ( P f ) - 



Hence, g'-gj = d+{Y) ^(^ijidy. and, therefore, Y^iei did' = d+{Y) Using 
previousy obtained identities we compute 



B]^ = fi+(X)(evyg)id[/®y)(idy (g^(/jg)idy);3x(rg)idy))(coev^g)idc/®y) 
= d+{X){\du igi evx ® idy)(^ 5^5* g) ;3x)(id(7 coev^ (g idy) 



= d+{X){\du (E) evx (E) idy)(d(r) ^tt^'^I, g) f3x)(idu g) coev^ g) idy) 

= rf+(x)d+(r)-i^$, 

and the result follows. □ 
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Remark C.2. Lemma fC. II can be thought of as a categorical analogue of the Haar 
theorem. Indeed, for C — Vecc, where G is a finite group, it says that the counting 
measure is invariant under translations. 

Let C be a braided fusion category with braiding c. Let S = {sxy}x,ygO{C) 
be the iS-matrix of C defined in ^ 32.8.11 Let I? C C be a fusion subcategory. The 
next Proposition was proved by D. Altschiiler and A. Bruguieres in [ABj for pre- 
modular categories (see |Mu2j for the proof in the special case of pseudo-unitary 
braided fusion categories). 

Proposition C.3. Let C be a braided fusion category, let V be a simple object in 

C, and letV C C be a fusion subcategory. We have the following dichotomy: 

(i) V e 0{V') if and only if syv = 1 for all Y £ 0{V), 

(ii) V ^ 0{'D') if and only if^YeO(T>) \Y\'^syv = and if and only if 
T.Yeo(v) svy\Y\^ = 0. 

Proof. Note that conditions in the statement of the Proposition are independent 
from the choice of a natural isomorphism ijjx ■ X ^ X** . 
Fix V e 0{C) and set fiu — cv,ucu.v in Lemma FC. II Then 

Hu = ^ d+{Y){Tv^®\Au(g,v){cv,Ytg,uCY®u,v) 
Yeo{V) 

= ^ d+(F)(Tr_ (g) id;7®y)(idY (g) cvm){cv,ycy,v <E) idt/)(idy (g) cuy) 
Yeo{v) 

= {idu (g Hi)cv,ucu,v- 
We have Hi = J2Yeo(V) '^+(^)(Tr- (g idv)icv,YCYy) : V V. Applying Tr+ we 
obtain Hi — '^yeOi'D) I^PSyy idy. Combining this with Lemma IC. II we obtain 

(154) ^ \Y\^SYv\{cv,ucu,v-idu®v) = 0, for all f/ e 0(I?). 

\Yeo(v) J 

Note that when syv = 1 for all Y G 0(r>) the first factor in ([TMl) equals dim(2?) ^ 
and hence, cv,ucu,v = idc/^y for all U G 0{V), which proves (i). If the second 
factor is not zero for some U S 0{T>) then the first factor must vanish, and the first 
part of (ii) follows. Finally, the second part of (ii) is obtained by replacing C by its 
reverse category C"^ (i.e., the category with reversed tensor product). □ 

Appendix D. Pointed braided categories and pre-metric groups 

As explained in ^ ^2.11.41 each pointed braided category gives rise to a pre-metric 
group. We will prove that each pre-metric group (G, q) comes from some pointed 
braided category C (this is a part of Proposition I2.4ip . The proof below is different 
from those given in [JSl §3] and Q, Proposition 2.5.1]. 

D. l. Easy case. Suppose that the quadratic form q : G — > fc^ can be represented 
as q(g) — l3{g,g) for some bicharacter (3 : G x G ^ (the existence of (3 is 
automatic if |G| is odd but not in general). Define a braided fusion category as 
follows: 

(i) as a fusion category, equals Vecc, i.e., the category of finite-dimensional 
G-graded vector spaces; 
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(ii) if Xi,X2 e VecG = Cp and xi G Xi is homogeneous of degree gi £ G then 
the brading Xi ® X2 X2 ® Xi takes xi (g) X2 to P{gi,g2)x2 a;i. 

Then is a pointed braided category, and the corresponding pre-metric group 
equals (G, q) . 

D.2. General case. 

Lemma D.l. There exist a finite abelian group G and an epimorphism n : G G 
such that the quadratic form q := qo-K on G can he represented as q{x) — /3{x,x) 
for some bicharacter (3 : G x G ^ . 

Proof. Represent G as T/H, where F is a free abehan group. The puUback of q to 
r can be represented as x 1— a(x,x) for some bicharacter a : F x F — fc^ whose 
values are roots of unity. There exists a subgroup H' C H oi finite index such that 
a comes from a bicharacter /3 : (T/H') x (T/H') fc^ . Set G := T/H'. □ 

Choose some G, tt, and /3. Let be the pointed braided category with 0{Cj^) = 
G constructed in i 3D.ll Set A KerTr C G. Let £ C be the fusion subcategory 
such that 0{8) ~ A. Let C'~ denote the centralizer of (see ^3.2p . 

Lemma D.2. (i) £ C C'~. 

(ii) The symmetric fusion category £ is Tannakian. 

Proof, (i) One has to show that (3{x,y)(3{y, x) = 1 ior x E G, y E A. This is clear 
because l3{x, y)j3{y, x) — q{x + y)q{x)~^q{y)~^ and q is the pullback of a quadratic 
form on G. 

(ii) Use that q\A ^ I- □ 

Now choose a fiber functor £ — > Vec. Then the fiber category 

(155) Vec 

(see §4.2.4M.2.5|) is a pointed braided category, and the corresponding pre-metric 
group equals (G, q) . 

Remark D.3. The groupoid of fiber functors F : £ Vec canonically identifies 
with the groupoid F^ formed by central extensions 

(156) — ^ fc^ — ^ A-^A 
such that 

(157) 020,1 = /3(ai, 02)01(12, Oj € A, Oi -.^ p{ai) £ A 

(given F : £ ^ Vec one defines A to be the group of isomorphism classes of pairs 
consisting of a € A and an isomorphism k F{Sa); here Sa E £ C VeCg is the 
vector space k placed in degree a). So the construction of the braided category 
(jl55p depends on the choice of G, tt, (3, and an object of F^. In the next subsection 
we describe an explicit construction of a pointed braided category C, which depends 
on the same choices. In fact, C canonically identifies with (|155p . 
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D. 3. Elementary reformulation. Let G, tt, /3, and A have the same meaning 
as in pp. 21 Let be the groupoid defined in Remark ID.3I Note that 7^ 

(because f3{x, a;) = 1 for x € A) and all objects of F^ are isomorphic to each other 
(because is divisible and therefore Ext(A, fc^) = 0). Choose an object of F^, 
i.e., a central extension (|156p . 

Now let C be the category of finite-dimensional G-graded A-bimodules M — 
Mx such that 

(i) if a; e G, TO e M^, and a G A maps to a G A then am G Max and 
ma = /3(a, x)am, 

(ii) each X E C A acts on M as multiplication by A. 

Clearly C is a fusion category with respect to (8)^ : C x C — ^ C. It has a braided 
structure such that if M, M' € C, m € Mx, m' G M'^, then the braiding M ®^ 
M' M' (E)^ M takes to ® m' to (3{x, x')m' (E) to. In fact, C is a pointed braided 
category, and the corresponding pre- metric group equals (G, q) . 

Remarks D.4. (i) One can choose G, tt, and /3 so that f3\AxA = 1 (represent 
G as Z/niZ © . . . Z/rirZ and take G := Z/2niZ © . . . Z/2nj.Z). In this case 
one can take (|156p to be the trivial extension, 
(ii) F. Quinn [Q] writes explicit formulas for G = Z/2'"'Z by taking G = 
Z/2'"'+^Z and using a certain map Z/2'^Z ^ Z/2'^+^Z such that the com- 
position Z/2'=+iZ ^ Z/2'=Z equals the identity (see |Qj §2.5]). 

Appendix E. Extensions of groups by braided gr-categories 

E. l. Conventions. In this section monoidal categories are not assumed to be ad- 
ditive. Unless stated otherwise, we assume that all categories are small (i.e., objects 
form a set rather than a class). 

If G is a monoid (e.g., a group) then the discrete category corresponding to the 
set G is monoidal. We use the same symbol G to denote this monoidal category. 

E.2. Generalities on monoidal categories. 

E.2.1. TTo and tti. The set of isomorphism classes of objects of a category C will be 
denoted by 7ro(C). If C is a monoidal category then tto(C) is a monoid. 

The monoid of endomorphisms of the unit object of a monoidal category C will 
be denoted by tti{C). It is well known that 7ri(C) is commutative. 

E.2.2. The category of monoidal functors. IfCi and C2 are monoidal categories then 
Func (Ci , C2 ) will denote the category of monoidal functors Ci — > C2 . In Func (Ci , C2 ) 
there is a distinguished object, namely, the trivial functor (this is the monoidal 
functor G : Ci — > C2 that takes every object of Ci to 1 G C2, every morphism 
of Ci to id : 1 1, and the isomorphism G{X (g) Y) ^ G{X) (g) G(Y) equals 
id : 1 — >■ 1 for all X,Y £ Ci.) A trivialization of a monoidal functor F : Ci — >■ C2 is 
an isomorphism between F and the trivial monoidal functor. 
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E.2.3. Gr-categories and the adjoint action. 

Definition E.l. A gr-category is a monoidal groupoid C such that tto{C) is a group. 

The name "gr-category" (or "Gr-category") goes back to Hoang Xuan Sfnh, a 
student of Grothendieck. Gr-categories are also known as "categorical groups" or 
"2-groups" . 

If C is a gr-category then for every X G C we have a functor Adx : C — C, 
Adx{y) ■— X (E)Y (S) . This functor has a canonical monoidal structure. More- 
over, the functor Ad : C — ^ Func (C,C), X Adx, has a canonical monoidal struc- 
ture. In other words, we get an action of C on itself by monoidal auto-equivalences. 
It induces an action of tto{C) on ni{C). 

Remark E.2. There is a one-to-one correspondence between braided structures 
on a gr-category C and trivializations of the adjoint action Ad : C — > Func (C,C) 
(rewrite the braiding cx,y : X (g)Y Y (g) X a,s AdxiY) Y). 

E.2.4. Gradings. Let C be a monoidal category. A monoidal functor 9 : C — > G is 
also called a G -grading of C If 9 is surjective the grading is said to be faithful and 
C is said to be faithfully G-graded. We can think of a grading as a decomposition 

C = y Cg, Cg := d^^{g). The full subcategory Ci :— d~^{l) is monoidal; it is 

see 

called the trivial component of the grading. 
E.2.5. Gentral subcategories. 

Definition E.3. Let C be a monoidal category, V C C a, full monoidal subcategory, 
and i : 2? — > C the embedding. A central structure on 2? is a lift of i to a monoidal 
functor V — >■ Z(C), where Z{C) is the center of C. A central subcategory of C is a 
full subcategory V C C with a central structure. 

Remarks E.4. (i) Explicitly, a central structure on 2? C C is a functorial 
collection of isomorphisms 

(158) CY.x -.Y (g) X ^ X (g)Y, X £V,Y eC 

satisfying the hexagon axioms. 

(ii) A central structure on I? C C defines a braided structure on V (it is induced 
by the one on Z(C) via the fully faithful embedding V ^ -2(C)). UV = C 
then a central structure on T> is the same as a braided structure. 

(iii) Let C be a gr-category. Rewriting (|158p as Y Adx{Y) we see that a 
central structure on I? C C is the same as a trivialization of the adjoint 
action Ad : X* ^ Func (C,C). 

(iv) Suppose that C is a gr-category and noiT)) is normal in 7ro(C). Then we have 
the adjoint action Ad : C ^- Func {V.V). Rewriting as Ady(X) ^ 
X we see that a central structure on 2? C C is the same as a trivialization 
of this action. 

(v) If 2? C C is a central subcategory then 7ro(2?) is contained in the center 
of 7ro(C). If, in addition, C is a gr-category then the action of 7ro(C) on 
7ri(I?) = 7ri(C) is trivial by Remark (iv). (In fact, it is easy to check that 
the triviality of the action of 7ro(C) on 7ri(C) is equivalent to the existence 
of a central structure on the full subcategory {1} C C). 
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E.3. A lemma on gr-categories. Let C be a gr-category with a faithful grading 
C — > G and let Ci C C be its trivial component. For any monoidal category M, we 
will describe Func {G,A4) as the category of monoidal functors C — > equipped 
with a certain additional structure. 

If F e Func(C,A^) let Tc^{F) be the set of trivializations of the restriction 
F\ci -Ci ^ M (see §£.2.2^ . The gr-category C acts on the category Func {Ci,M), 
namely, X e C takes $ S Func(Ci,A^) to Adj^(x) o ^ o ktX^ . Moreover, F\c^ 
has a canonical equivariant structure with respect to this action. So 7ro(C) acts on 

Lemma E.5. The action o/7ro(C) on Tc{F) is trivial. □ 

The lemma implies that the action of 7ro(Ci) C 7ro(C) on Tci{F) is trivial, so 
we get an action of G on Tci(F). Let Funcci(C,A^) (resp. Func (C, tW)) be 
the category of pairs (i^, a), where F £ Func(C,A^) and a E Tc-^{F) (resp. a G 
TeAFf). 

Lemma E.G. The functor Func{G,M) Funcc^{C,M) is fully faithful. Its 
essential image equals Func2,{C,M). □ 

Proof. A monoidal functor G ^ is the same as a monoidal functor F : C 
with a collection of isomorphisms Lpc,c' ■ F{c) F{c') defined for all objects 
c, c' G C with equal images in G and satisfying the equations 

(159) (fic'^c" ° Vc.c' = Vc.c" , 

Such a collection is uniquely determined by the isomorphisms ax ■— fi.x '■ 1 ~> 
F{X), X eCi. Namely, (fTM)) - (fTBO)) imply that 

(161) (fic^c' = idF(c) ac~i®c' ■ 

Substituting (|161l) into (I159P - (|160p . we get the following equations for the iso- 
morphisms ax- 

(162) ax(sY ^ ax <E) ay , X,YeCi, 

(163) ac«)X(gic-i = id_F(c) (8) ax idF(c-i) , ceC,X eCi. 

Equation (jl62p means that the isomorphisms ax, A e Ci, define an element a G 
rci(F). Equations ([T^ - PM)) mean that a S Tc^F)^ . □ 

Remark E.7. Tq^F) (resp. Tc^{F)^) can also be described as the set of lifts of 
the inclusion i : Ci ^ C to a monoidal functor Ci Kei F :={fiber of F over 1} 
(resp. to a monoidal functor Ci — > Ker F equivariant with respect to the adjoint 
action of C on Ci and on Ker F) . 

E.4. The notion of extension by a braided gr-category. Let G be a group 
and B a braided gr-category equipped with a braided action a : G Func {B, B). 

Definition E.8. An extension of G by B is a triple consisting of a gr-category C, a 
faithful grading d : C ^ G with trivial component B, and an isomorphism / between 

the monoidal functor Ad : C Func {B, B) and the composition C-^G— 24Func (S, B) 
such that the restriction of / to S C C equals the trivialization of Ad : B — >■ 
Func (S, B) corresponding to the braiding on B (the correspondence was defined in 
Remark lE72t. 
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Remarks E.9. (i) To simplify the notation, we understand the words "grad- 
ing with trivial component ,B" in the strict sense (i.e., the trivial component 
Ci d C equals B). The reader may prefer to understand them in the "weak" 
sense (a monoidal equivalence B — > Ci as an additional datum) . 
(ii) If Tri{B) — then B is an abelian group and Definition IE.8I gives the usual 
notion of extension of a group G by a G-module. 

Definition |E]8] is justified by the next proposition, which is standard if Tri{B) ~ 0. 

Proposition E.IO. Let C be a gr-category equipped with a faithful grading d : C 
G. Suppose that its trivial component B d C is equipped with a braided structure. 
Then the following conditions are equivalent: 

(i) for every X Cz C the monoidal functor Adx '■ B ^ B is braided; 

(ii) there exists a pair (a, /) consisting of an action a : G ^ Func {B, B) and an 
isomorphism f between the monoidal functor Ad : C — > Func {B, B) and the 

composition C-^G-^Func{B,B) such that the restriction of f to B C C 
equals the trivialization of Ad : B Func {B, B) defined by the braiding 
on B. 

If they hold then the pair (a, /) is unique up to unique isomorphism and the action 
a : G Func {B, B) is braided. 

The proposition says that if the equivalent conditions hold then one gets an 
extension in the sense of Definition IE.8I in an essentially unique way. This justifies 
Definition ES 

Proof. Applying Lemma IE.6I to = Func [B, B) we see that an action of G on 
the monoidal gr-category B is the same as an action of C on the monoidal gr- 
category B whose restriction to Ci is equipped with a G-invariant trivialization. 
The proposition follows. □ 

E.5. Central extensions and braided G-crossed gr-categories. 

E.5.1. The notion of central extension. 

Definition E.ll. A central extension of a group G by a braided gr-category B is 
an extension of G by S equipped with the trivial action G — > Func {B, B). 

Remark E.12. If B is equipped with the trivial action of G then the isomorphism 
/ from Definition IE. 81 is a trivialization of Ad : C — >■ Func (S, S), which is the same 
as a central structure on B (see Remark IE.4r iv)). So Definition IE. Ill savs that a 
central extension ofG by a braided gr-category B is a faithfully G-graded gr-category 
C with trivial component B and with a central structure on B extending the braided 
structure on B. In other words, our notion of central extension is equivalent to the 
one introduced by P. Carrasco and A. M. Cegarra |CC) . 

E.5.2. The notion of braided G-crossed category. In ! j4. 4.31 this notion was defined 
in the setting of fusion categories. However, it makes sense in the current set- 
ting of abstract monoidal categories: use Definition 14.411 but understand the word 
"grading" as a decomposition C = \_\gCg rather than C ~ ®gCg. Thus a braided 
G-crossed category is a monoidal category C equipped with a grading 9 : C — G, a 
G-action on C, and a collection of isomorphisms 

(164) cx,Y -X^Y ^ g{Y)®X, g £G, X eCg,Y eC 
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satisfying properties (a)-(d) from Definition 14.411 

Note that isomorphisms ()164p for X,Y E Ci define a braided structure on Ci . 
Unless stated otherwise, we equip Ci with this braided structure. The monoidal 
category Ci equipped with the opposite braiding cx y '■= wih be denoted 

byCr. 

Remark E.13. Let C be a braided G-crossed category. Then by Remark IE.4r i). 
the isomorphisms 

c-^^y ■.Y(g)X ^ X(g)Y, XeCi,YeC 

define a central structure on the trivial component Ci d C. Note that the braided 
structure on Ci corresponding to this central structure by Remark IE. 4( 11) is that 
of C°P. 

In the next subsection we explain how to construct examples of braided G-crossed 
gr-categories. It can be skipped by the reader. 

E.5.3. Braided G-crossed gr-categories and crossed modules. Relation to topology. 

Definition E.14. A pre-crossed module (G, C) is a pair of groups G and G together 
with an action of G on G, denoted {g, c) i— ?> ^c, and a homomorphism d : C ^ G 
satisfying 

(165) di^c) = gd{c)g-\ ceC,geG. 

A pre-crossed module (G, G) is said to be a crossed module if 

(166) ^("^c' = cc'c-i c, c' e G, .9 e G. 

Remarks E.15. (1) Let C be a braided G-crossed gr-category. Let G be the 
group of isomorphism classes of objects of C. Then (G, G) is a crossed 
module. 

(ii) Let C be a group viewed as a category (see i 3E.l|) . Then a structure of 
braided G-crossed category on C is the same as a structure of crossed module 
on (G, C). 

(ill) The notion of crossed module is due to J. H. C. Whitehead. We found the 
definition of pre-crossed module in |CE1 IBC] . 

It is well known that for any group G the following three types of data are 
essentially equivaleniQ: 

(a) a crossed module G — G; 

(b) a small gr-category A equipped with an essentially surjective monoidal 
functor F : G ^ A; 

(c) a topological space X such that TTi{X) = for i 7^ 1,2 equipped with a 
continuous map BG X (here BG is the classifying space of G) . 

We expect that the following three types of data are also essentially equivalent: 
(a') a braided G-crossed gr-category C — G; 

(b') a small grouplike monoidal 2-category A equipped with an essentially sur- 
jective monoidal 2-functor F : G A; 

(c') a topological space X such that TTi{X) = for i 7^ 1, 2, 3 equipped with a 
continuous map BG X. 

^To pass from (b) to (a), define C to be the fiber of F over 1^. To pass from (b) to (c), define 
X to be the classifying space of A. 
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At least, one can construct a braided G-crossed gr-category C — > G given a 
topological space X and a continuous map / : BG X. Hint: an object of Cg, 
g G G, is a continuous map ip : — BG such that tplgo^ = f °lg\ here is the 
standard disk and Ig : dD^ X \s the standard loop corresponding to g. 

E.5.4. Relation between central extensions and braided G-crossed gr- categories. We 
will show that a central extension of a group G by a braided gr-category B is essen- 
tially the same as a braided G-crossed gr-category C with Ci = such that the 
grading C ^ G is faithful. 

Here is a construction in one direction: if C is a braided G-crossed gr-category 
such that the grading on C is faithful then by Remarks IE. 131 and IE. 121 we get a 
central extension of G by C'^ . Proposition lE. 16f ii) below says that this construction 
is invertible. 

Proposition E.16. (i) In the case of a faithfully G-graded gr-category proper- 
ties (a) and (c) from the definition of braided G-crossed category (Definition 
\4-4^^ follow from properties (b) and (d). 
(ii) Let d : C ^ G be a central extension of a group G by a braided gr-category. 
Then the structure of central extension on C can be upgraded to a structure 
of braided G-crossed category on C. Such upgrade is unique up to unique 
isomorphism. 

Here upgrading means defining an action of G on C and a collection of isomor- 
phisms (|164p satisfying properties (a)-(d) from Definition 14.411 so that for g = I 
the isomorphisms (|164p come from the central structure. The notion of isomor- 
phism between two upgrades is clear because actions of G on C form a groupoid 
(cf. Remark |M2]). 

E.5.5. Proof of Proposition [E.16[ Let C be a gr-category equipped with a faithful 
grading d : C —>^ G. The following definition will become irrelevant as soon as we 
prove Proposition IE. ISf i) . 

Definition E.17. A structure of weak braided G-crossed category on C is a pair 
consisting of an action a : G ^ Func (C,C) and a collection of isomorphisms (|164p 
satisfying properties (b) and (d) from Definition 14.411 

Lemma E.18. Such a collection is the same as an isomorphism between the monoidal 
functor Ad : C — > Func{C,C) and the composition C-^G-^Func{C,C). 

Proof. Rewrite (|164p as an isomorphism of functors (px ■ Adx a{d{X)). The 
commutativity of (j82p means that ipx is an isomorphism of monoidal functors for 
each X € C, and the commutativity of (j83|) means that the isomorphism of functors 
(fi : Ad — > a o d defined by the collection {(px}xGC is monoidal. □ 

Combining Lemmas IE.18I and IE. 61 with Remark IE.4r iii) we get the following 
statement. 

Corollary E.19. A structure of weak braided G-crossed category on C is the same 
as a central structure on Ci preserved by all monoidal auto-equivalences Adx , X G 
C. 

Lemma E.20. Each central structure on Ci is preserved by all monoidal auto- 
equivalences Adx, X Cz C. 
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Proof. A central structure on Ci can be viewed as a trivialization of Ad : C — > 
Func (Ci , Ci ) . Now apply Lemma EH to M = Func (Ci , Ci ) . □ 

Combining Corollary IE . 1 91 with Lemma [E]20] we get the following "weak" version 
of Proposition IE. IBl ii) . 

Corollary E.21. A structure of weak braided G-crossed category on C is the same 
as a central structure on Ci . 

It remains to prove statement (i) of Proposition IE.16I To this end, we will 
reformulate properties (a) and (c) from Definition 14.411 

Let C be a weak braided G-crossed gr-category. Let 7 € G and Ad^ : G G 
the automorphism g 1— >■ 7(77"^. Then we can introduce a new structure of weak 
braided G-crossed gr-category on C by replacing d : C ^ G and a : G Func (C,C) 
with d := Ad^ o d and a := ao Ad~^. Let denote the weak braided G-crossed 
gr-category {C,d,a). Properties (a) and (c) from Definition 14.411 mean that 0(7) : 
C — > '^C is an equivalence of weak braided G-crossed gr-categories for each 7 € G. 

We have to show that this is always true if the grading on C is faithful. Choose 
X & C^, then 0(7) ~ Adjf , so we have to show that Adx : C — >■ ''C is an equivalence 
of weak braided G-crossed categories. This follows from Corollary IE . 2 1 1 and Lemma 

ie:2oi 

E.5.6. The action of G on the trivial component. Let C be a braided G-crossed 
gr-category. The G-action on C preserves Ci, so G acts on Ci. Let $ : 7ro(C) ^■ 
Func (Ci,Ci) be the composition ttq{C) — >• G ^ Func (Ci,Ci). 

Proposition E.22. $ admits a canonical trivialization a. Namely, for every 
g e G, X e Cg, Y e Ci the isomorphism ax.Y ■ Y ^ = g{y) is 

characterized by the following property: the composition of cy^x '■Y(>^X — > X (>^Y 
and cx,Y : X (E}Y g{Y) (E) X equals ax,Y ^ idx ■ 

Remark E.23. U X e Ci then = idci and ax,Y = b{X,Y), where b : 

7ro(Ci) X 7ro(Ci) — > 7ri(Ci) is the symmetric pairing corresponding to the braided 
structure on Ci. So in general, ax.Y is nontrivial for X,Y € Ci. 

Proof. The isomorphisms (|164|) for Y (z Ci define an isomorphism between the 
composition 

(167) C ^ G^ Func(Ci,Ci) 

and the adjoint action of C on Ci. On the other hand, by Remark IE.4r iv'). the 
central structure on Ci defined in Remark IE . 1 31 yields a trivialization of the adjoint 
action of C on Ci . Thus we get a trivialization of the composition ()167p , which is the 
same as a trivialization of $. The corresponding isomorphism Y {(i>{X)){Y) is 
the one described in the formulation of the proposition. □ 

Corollary E.24. Let C be a braided G-crossed gr-category such that the grading 
on C is faithful. Then the monoidal auto- equivalence of Ci corresponding to each 
element of G is isomorphic to idc^ . 

Remark E.25. Let C be as in Corollarv lE.241 Then the action of G on Ci is not 
necessarily trivial. It can be described as follows. By Corollary IE.24| the image 
of the functor G — > Func (Ci,Ci) is contained in the full subcategory of monoidal 
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functors isomorphic to idci i which identifies with the category of Aut(idci)-torsors. 
Remark IE. 231 implies that the action of G on Ci equals the composition 

G'-^{7ro (Ci)-torsors}^^{Aut(idcj )-torsors}, 

where a corresponds to the extension — >■ 7ro(Ci) — > 7ro(C) G — > (i.e., OL{g) 
is the pre-image of g in 7ro(C)) and (3 is induced by the homomorphism 7ro(Ci) ^■ 
Hom(7ro(Ci), 7ri(Ci)) — Aut(idci) corresponding to the pairing & : 7ro(Ci) x 7ro(Ci) 
^i(Ci). 

Appendix F. Complexified Grothendieck ring and fusion 

subcategories 

In this Appendix we give a proof of the result mentioned in ^2.\\ any fusion 
subcategory of a fusion category is rigid. Its idea was explained to us by P. Etingof. 

F.l. Recollections on *-algebras. A ^-algebra over C is a C-algebra A with a 
map * : A ^ A such that {ab)* = 6*a*, a** = a, and (Aa)* = Aa* for A G C. 
A positive trace on is a linear functional I : A ^ <C such that l{ab) — l{ba), 
l{a*) = l{aa*) > for a 7^ 0. 

Example F.l. Let A = Mat{n,C). For a e Mat{n,C) let a* be the usual Her- 
mitian conjugate matrix. Define I : A <C hy l{a) :~ pTr(a), p > 0. Then ^ is a 
*-algebra and I is a positive trace. 

Let Ai, . . . , Ar be *-algebras and A = A\ x . . . A,. . Let li : — > C be a 
positive trace, i — l,...,r. Then the linear functional / : A — > C defined by 
KflXi ■ ■ ■ ,ar) — li{o-i) + . . . + lr{cLr) IS a positivc trace on A. In this situation we 

r 

write {A, I) — Y\ {Ai,li). The following proposition is classical. 

i=l 

Proposition F.2. Any finite- dimensional ^-algebra with a positive trace is isomor- 

r 

phic to Y\{Ai,li), where each (Ai,li) is as in Examvle W . 1\ 
1=1 

Proof. Let End A denote the algebra of linear operators A-^ A. Equip End A with 
the *-algebra structure corresponding to the Hermitian scalar product (a, b) = 
l{ab*) on A. The left action of A on itself defines an injective *-homomorphism 
A ^ EndA. Thus A identifies with a *-subalgebra of the algebra of operators in 
a finite-dimensional Hilbert space. So the *-algebra A is isomorphic to a product 
of matrix algebras Ai, . . . , Aj. equipped with their standard anti- involutions. For 
each i g {!,..., r} the restriction /|^. is proportional to the usual matrix trace, 
and the coefficient is positive because I is. □ 

Corollary F.3. Let A be a finite- dimensional ^-algebra with a positive trace I. If 
e € A, e'^ ^ e, e ^ then /(e) > 0. □ 

Lemma F.4. Let A be a finite- dimensional *-algebra with a positive trace I. If 
a Cz A and l{a") = for all n £ N then a is nilpotent. 

Proof. If a is not nilpotent then there exists a nonzero idempotent e of the form 

N 

Xia\ Then /(e) = 0, which contradicts Corollarv lF.3l □ 

i=l 
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Remarks F.5. (i) Corollary IF.3I is not an immediate consequence of the in- 
equality l{ee*) > because we do not assume that e* = e. 
(ii) One can show that in Corollary IF.3I the assumption dim A < oo is essential. 

F.2. Fusion subcategories. Let C be a fusion category and A = Kq{C) C. 
We extend the inyolution X i— > X* to A by anti-linearity. Let / : ^ — >■ C be the 
linear functional such that ^([X]) = dimHom(l,X) for any X E C. Then {A, *) is 
a *-algebra and Z : A — > C is a positive trace. 

Lemma F.6. Let C be a fusion category. For any X e 0{C) there exists a positive 
integer N such that Horn{l,X®^) ^ 0. 

Proof. It is obvious that [X] E Ko{C) C Kq{C) (8)z C is not nilpotent. The result 
follows from Lemma FF. 41 □ 

Corollary F.7. A fusion subcategory of a fusion category is rigid. 

Proof. Let I? be a fusion subcategory of a fusion category C. We have to show 
that if X e 0{V) then X* e 0{V). Clearly X®" € V for all n > 1. For N as in 
LemmaESwe get Hom(X*, 7^ 0. So X* G 0{V). □ 
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